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Let (X, d, µ) be a homogeneous space endowed with a measure µ and a uniformly
doubling metric d (that is, µ(B(x, 2r)) ≤ Cµ(B(y,R)) for every x, y ∈ X and r > 0).
Assume further that (X, d, µ) has a bounded geometry, that is, for some b > 0, every
x, y, z ∈X and every t ∈ [12 , 1], the estimate

d(y, z)≤ bd (Φ(x, y, t),Φ(x, z, t))

holds. Here, Φ is a function from X ×X × [0, 1] to X satisfying

Φ(x, y, s) = Φ(y, x, 1− s) = γx,y(s),

where γx,y is an appropriate geodesic with values in X. The author proves that, for
such a space, the weak Poincaré inequality holds. More precisely, we have, for every
measurable function u ∈X and g its upper gradient in the sense of J. Heinonen and P.
Koskela [Acta Math. 181 (1998), no. 1, 1–61; MR1654771],∫

B(a,R)

∫
B(a,R)

|u(x)−u(y)| dµ(y)≤MR

∫
B(a,3R)

g(z) dµ(z),

where a ∈X, R> 0, and M is a constant which depends on b and the uniform doubling
constant of X. The proof is based on a generalized change of variables formula.
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(1982), 213–230. MR0683635

5. J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom.
Funct. Anal. 9 (1999), 428–517. MR1708448

6. J. Cheeger and D. Ebin, Comparison Theorems in Riemannian Geometry, North-
Holland, Amsterdam, 1975. MR0458335

7. L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions,
Stud. Adv. Math., CRC Press, Boca Raton, FL, 1992. MR1158660

8. H. Federer, Geometric Measure Theory, Grundlehren Math. Wiss. 153, Springer,
New York, 1969. MR0257325

9. N. Garofalo and D.-M. Nhieu, Isoperimetric and Sobolev inequalities for Carnot-
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(2000). MR1683160

12. J. Heinonen, Lectures on Analysis on Metric Spaces, Springer, New York, 2001.
MR1800917

13. J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled
geometry, Acta Math. 181 (1998), 1–61. MR1654771
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