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Preface

There is a rich literature on random graphs generated over a random point
process. These graphs are often motivated by physical, biological or social
networks. Many interesting large scale properties of these networks related to
connectivity have been studied in terms of the percolation of the associated
graphs. An early example of such a study can be found in [26] where the
connectivity of large networks was defined as the supercritical phase in what
is today called the continuum (Boolean) percolation model. More recently, a
random SINR graph model for wireless networks was studied with the same
perspective in [9, 16].

The two first chapters are focused on preliminaries; we give an introduc-
tion to point processes and navigations which are key concepts in this work.

In Chapter 3 of this thesis, we analyze a class of “Signal to Interference
and Noise Ratio” (SINR) random graphs. These random graphs arise in the
modeling of packet transmissions in wireless networks. In contrast to previ-
ous studies on SINR graphs, we consider both a space and a time dimension.
The spatial aspect originates from the random locations of the network nodes
in the Euclidean plane. The time aspect stems from the random transmis-
sion policy followed by each network node and from the time variations of the
wireless channel characteristics. The combination of these random space and
time aspects leads to fluctuations of the SINR experienced by the wireless
channels, which in turn determine the progression of packets in space and
time in such a network.

We study optimal paths in such wireless networks in terms of first passage
percolation on this random graph. We establish both positive and negative
results on the associated time constant. The latter determines the asymp-
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totics of the minimum delay required by a packet to progress from a source
node to a destination node when the Euclidean distance between the two
tends to infinity. The main negative result states that this time constant
is infinite on the random graph associated with a Poisson point process un-
der natural assumptions on the wireless channels. The main positive result
states that when adding a periodic node infrastructure of arbitrarily small
intensity to the Poisson point process, the time constant is positive and finite.

In the second part, we develop a framework for studying point-map in-
variant measures. A compatible point-map on the set of counting measures
is a mapping on discrete multi-subsets of Rd: to each point of the discrete
set, it associates another point of the same set, carrying the multiplicity;
compatibility means that the image of a point depends only on the support
of the counting measure (the counting measure after removing the multiplic-
ities) “seen from” (i.e. shifted to) this point.

It is a well known fact in the literature that whenever a compatible point-
map is bijective on all simple counting measures, the Palm version of any
stationary simple point process is left invariant by the action of such a com-
patible and bijective point-map.

We focus on the case of a not necessarily bijective point-map f . Its goal
is to associate, to any stationary point process Φ, a companion point process
with an almost sure mass at zero and with a law which is invariant under the
action of f . We introduce the notion of Point-map Palm (or here f -Palm)
version of the point process Φ, which satisfies the desired invariance property
when it exists and we give sufficient conditions for it to exist.

Chapter 5, explains the connection between Chapters 3 and 4. It gen-
eralizes the notion of point-map Palm measures for stochastic point-maps
and time dependent point-maps. This chapter shows the richness of the
framework of point-map Palm measures specially for studying navigation or
routing algorithms on geometric random graphs.

As we will see in the end of the Chapter 3, the optimal path in the time-
space SINR graph is not computable locally in time; i.e. for knowing the
optimal path we need future data which are not known at the current time.
This fact leads us to considering suboptimal local algorithms and that is the
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reason for which point-map Palm measures are of potential practical interest
in addition to being interesting mathematical objects.

Key words and phrases. Random graph, Palm Probability, Naviga-
tion, Point-Map, Signal to noise ratio, Point process, Invariant measure.

vii



viii



Résumé en Français

Il existe une abondante littérature sur les graphes aléatoires associés à un
processus ponctuel. Ces graphes sont souvent motivés par des problèmes
issus de la physique, de la biologie ou des réseaux sociaux. Les travaux sur le
graphe aléatoire dit géométrique concernent les propriétés de connectivité à
grande échelle, les plus courts chemins, ou encore les mécanismes de diffusion.
Récemment, une modèle de graphe aléatoire fondé sur le Rapport Signal à
Bruit et Interférence (Signal to Interference and Noise Ratio ou SINR en
anglais) a été introduit et étudié avec les mêmes points de vue, avec des
motivations dans le domaine des réseaux de communication sans fil.

Cette thèse se concentre sur deux facettes d’un même objet: d’une part
les propriétés de routages ou navigations sur les graphes aléatoires associés à
des processus ponctuels des divers types mentionnés ci-dessus; d’autre part la
théorie des fonctionnelles ponctuelles (point-maps en anglais) et des mesures
de Palm.

Les deux premiers chapitres se concentrent sur des définitions et des
résultats préliminaires. Nous donnons notamment une introduction à la
théorie des processus ponctuels et leurs mesures de Palm. Nous définissons
ensuite navigations et routages sur un processus ponctuel tout en donnant
plusieurs exemples concrets de la littérature.

Dans le chapitre 3, nous analysons des navigations sur une nouvelle classe
de graphes aléatoires SINR. Contrairement aux précédentes études sur ces
graphes, nous considérons à la fois une dimension spatiale et une dimen-
sion temporelle. L’aspect spatial provient des emplacements aléatoires des
nœuds du réseau dans le plan euclidien. L’aspect temporel provient des
primitives aléatoires utilisées dans les politiques d’accès au canal suivies par
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chaque nœud du réseau et des variations temporelles des caractéristiques du
canal sans fil. La combinaison de ces aléas spatiaux et temporels conduit à
des fluctuations des SINR observés par les canaux sans fil, fluctuations qui
déterminent à leur tour la progression de l’information dans l’espace et le
temps dans un tel réseau.

Nous étudions les chemins optimaux dans ces graphes en terme de perco-
lation de premier passage sur ce graphe aléatoire. Nous établissons à la fois
des résultats positifs et négatifs sur la constante de temps associée. Cette
dernière détermine le comportement asymptotique du délai minimum pour
qu’un paquet progresse à partir d’un nœud source vers un nœud destina-
tion, lorsque la distance euclidienne entre ces deux nœuds tend vers l’infini.
Le principal résultat négatif est que cette constante de temps est infinie sur
le graphe aléatoire associé à un processus de Poisson sous des hypothèses
naturelles sur les caractéristiques des canaux sans fil. Le principal résultat
positif est que l’ajout d’une infrastructure de nœud périodique de densité
arbitrairement petite rend la constante de temps positive et finie.

Dans la deuxième partie, nous développons un cadre pour l’étude des
mesures laissées invariantes par des fonctionnelles ponctuelles. Une fonction-
nelle ponctuelle sur l’ensemble des mesures de comptage est une application
sur les sous-ensembles discrets à multiplicité finie de Rd: à chaque point de
l’ensemble discret, cette application associe un autre point du même ensem-
ble, en conservant la multiplicité. Nous nous concentrons ici sur les fonc-
tionnelles ponctuelles compatibles; la compatibilité signifie que l’image d’un
point ne dépend que du support de la mesure de comptage ”vue de” (trans-
latée en) ce point.

Une fonctionnelle ponctuelle compatible bijective sur l’ensemble des mesu-
res de comptage simples laisse invariant tout processus ponctuel simple.
Ceci implique que si Φ est un processus ponctuel simple sur Rd, sa loi
reste inchangée sous l’action de la fonctionnelle. Il s’ensuit que la mesure
Palm de tout processus ponctuel est invariante par l’action d’une fonction-
nelle ponctuelle compatible et bijective. Nous nous concentrons dans cette
deuxième partie sur le cas de fonctionnelles ponctuelles f qui ne sont pas
nécessairement bijectives. Notre objectif est d’associer, à tout processus
ponctuel stationnaire Φ, un processus ponctuel compagnon avec un point
en zéro et avec une loi qui reste invariante sous l’action de f . Nous intro-
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duisons la notion mesure de Palm de fonctionnelle ponctuelle (ou mesure de
f -Palm) du processus ponctuel Φ, qui satisfait, quand elle existe, la propriété
d’invariance désirée. Nous donnons des conditions suffisantes pour qu’elle ex-
iste. Nous montrons aussi que ces mesures ne sont pas en général des mesures
de Palm de processus ponctuels.

Le dernier chapitre explique le lien entre les deux premiers chapitres. Il
généralise d’abord la notion de mesures Palm de fonctionnelle ponctuelle
au cas de fonctionnelles stochastiques puis de fonctionnelles dépendant du
temps. Les chemins optimaux du graphe SINR spatio-temporel ne sont
pas calculables: pour calculer le chemin optimal par la programmation dy-
namique, il faudrait des données aléatoires du futur qui ne sont pas con-
nues au moment du calcul. Les algorithmes de routage de la littérature
sont donc fondés sur de algorithme locaux et s’expriment comme des fonc-
tionnelles ponctuelles non bijectives, soit stochastiques, soit dépendant du
temps. Les mesures de Palm associées à ces fonctionnelles décrivent donc
le paysage ponctuel “vu” par une navigation en temps long sur le processus
ponctuel. Ces mesures sont donc d’intérêt pratique en plus d’être des objets
mathématiques intéressants.

Mots-Clés. Graphe aléatoire, Probabilité de Palm, Navigation, Fonc-
tionnelle ponctuelle, Rapport signal à bruit, Processus ponctuel, Mesure in-
variante.
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Chapter 1

Introduction to Point Process

1.1 Point Process

Because of the connection of this work to [40], we try to use similar notation
to what was previously used in [25, 40, 44]. However we are interested in
stochastic point processes on Rd, and hence we do not use as general a no-
tation as in [40]. For further study, we refer the interested reader to [3, 35, 50].

Let N be the space of all locally finite counting measures (not necessarily
simple) on Rd. It contains all measures φ on Rd such that for each bounded
Borel subset B of Rd, one has φ(B) ∈ N. We can identify each member of N
by the associated multi-subset of Rd. Wherever it can be understood from
the context, we use φ to denote either the measure or the related multi-set
without any further reference.

Let N be the cylindrical σ-field on N generated by the functionals φ 7→
φ(B), where B is an element of B, the Borel σ-field of Rd. This σ-field is
the Borel σ-field with respect to the vague topology on the space of counting
measures.

The support of a counting measure φ is the same set as the multi-set re-
lated to φ, but without the multiplicities and we denote it by φ; we denote by
N the set of the supports of counting measures. In the literature on counting
measures, N is the set of all simple counting measures. Also N naturally
induces a σ-field N on N.

1



The space (N,N ) (respectively (N,N )) is known as the canonical space
of point processes (respectively canonical space of simple point processes).
Similar to the concept of a random variable, the distribution of which can be
identified with a probability measure on (R,B), the distribution of a (ran-
dom) point process can be identified with a probability measure on (N,N );
however if we want to benefit from the richness of the concept of point pro-
cesses, specially their joint distributions, similar to what we do for a random
variable, it is more useful to define the point process as a measurable map-
ping from a general probability space to (N,N ).

A point process is defined as a measurable mapping Φ from the prob-
ability space (Ω,F ,P) to the measurable space (N,N ). We use the same
convention through Chapter 3.

In Chapter 4 in order to develop the theory of point-map Palm measures,
we need to deal with different probability measures on the same measur-
able space and therefore through Chapter 4, instead of representing a point
process as a measurable mapping from a probability space (Ω,F ,P) to the
measurable space (N,N ), we assume that (Ω,F) is a measurable space and
we say a point process is a couple (Φ,P), where Φ is measurable mapping
from (Ω,F) to (N,N ) and P is a probability measure on (Ω,F). However,
when it is clear from the context, with abuse of language, we use the term
point process to refer to Φ alone.

Clearly this definition is compatible with the classical definition and it
is only because of technical reasons, which will be illustrated in Chapter4,
that we separate the probability measure P and the measurable space (Ω,F).

The support of the point process (Φ,P) (or the support process) is defined
as the couple (Φ,P) where

∀ω ∈ Ω; Φ(ω) := Φ(ω).

Notation. Whenever g : (M,M) → (M ′,M′) is a measurable mapping
between two measurable spaces and µ is a measure on (M,M), gµ is the
induced measure on (M ′,M′) defined by

gµ(A) := (gµ)(A) = µ[g−1A]. (1.1)

2



Note that if µ is a probability measure, gµ is also a probability measure. So
for a point process (Φ,P) on (Ω,F), ΦP is the induced probability on the
space (N,N ) and if f is a measurable mapping from (N,N ) to (N,N ), then

fΦP := (fΦ)P = f(ΦP) (1.2)

is also a probability measure on (N,N ).

The canonical version of a point process (Φ,P) is the point process
(id,ΦP) which is defined on the canonical space. Also we say that the
point processes (Φ,P) and (Ψ,Q) are equivalent and we denote this by

(Φ,P)
D
= (Ψ,Q), if they have the same canonical version.

1.2 Stationary Point Process

Most of the literature of point processes is developed for simple point pro-
cesses. However, many of the key concepts such as stationarity, Palm mea-
sure, etc. are also studied in the literature for general random measures
which allows us to easily generalize them for general point processes.

The point process Φ is called stationary if its finite dimensional distribu-
tion is invariant under translations of Rd; i.e., for all bounded disjoint subsets
A1, . . . , Ak of Rd, all natural numbers n1, . . . , nk and all t ∈ Rd, we have

P [Φ(A1) = n1, . . .Φ(Ak) = nk] = P [Φ(A1 + t) = n1, . . .Φ(Ak + t) = nk] ,

where for the subset A of Rd and t ∈ Rd,

A+ t := {x+ t;x ∈ A}.

Another way to define a stationary point process is through flows on Ω
which gives us a framework which is quite useful. At first glance, this frame-
work is less general; but it appears quite naturally in most of the examples.

We assume the measurable space (Ω,F) is equipped with a measurable
flow θt : Ω → Ω, t ∈ Rd, i.e. a family of mappings such that (ω, t) 7→ θtω is
measurable, θ0 is the identity on Ω and

∀s, d ∈ Rd : θs ◦ θt = θs+t. (1.3)

3



A point process is called compatible (or flow-adapted) if

∀ω ∈ Ω, t ∈ Rd, B ∈ B, Φ(θtω,B − t) = Φ(ω,B). (1.4)

Indeed (1.4) means that the point process is compatible with the translations
of Rd. Note that the compatibility of the point process does not require the
probability measure. So we may speak about the compatibility of a point
process by mentioning only the first element of the couple (Φ,P).

Note that, whenever a point process is compatible, the compatibility of
the support process is an immediate consequence of the compatibility of the
point process.

The probability measure P on (Ω,F) is called θt invariant if

θtP = P,

where we use θtP for induced probability measure defined in (1.1). Further-
more if, for all t ∈ Rd, P is θt invariant, it is called stationary. If P is a
stationary measure and Φ is compatible, then (Φ,P) is stationary in the pre-
vious sense. This point of view is very useful in Chapter 4 and according to
this fact, whenever we speak about a stationary point process in Chapters 4
and 5, we mean a point process (Φ,P) such that Φ is compatible and P is
stationary.

For the stationary point process (Φ,P), the intensity of the point process
is the average number of points per unit volume of the space; i.e.

E[Φ(B)]

||B||
,

where B is a Borel subset of Rd with positive and finite Lebesgue measure
and ||B|| denotes the Lebesgue measure of B. Note that the stationarity of
the point process implies that this definition is independent of the choice of
B.

Example 1.1. Assume the canonical setup; i.e. (Ω,F) = (N,N ) and Φ is
the identity function on N. Assume for all t ∈ Rd, θt maps the counting
measure φ to the counting measure θtφ in the following manner:

(θtφ)(B) = φ(B + t). (1.5)
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If we consider φ as a subset of Rd, then θt(φ) is the shifted copy of φ by the
vector −t. With respect to this flow, the identity on N is clearly compatible.
If P is a stationary probability measure on (N,N ), then P can be interpreted
as the distribution of a stationary point process on Rd. In this situation, we
say (id,P) is a canonical stationary point process.

Notation. The last example is the motivation to use θtφ, t ∈ Rd as the
counting measure defined in (1.5) in the rest of this work. In accordance
with this notation, for a point x ∈ Rd, we define θt(x) := x − t. Also for a
point process Φ, θtΦ is defined naturally as

(θtΦ)(ω) := θt(Φ(ω)).

With this notation, Φ is compatible whenever for all t ∈ Rd

θtΦ = Φθt.

1.3 Palm Probability

1.3.1 Canonical Space

We start this section with point processes on the canonical space, i.e. the
setup of Example 1.1. When the point process is on the canonical space, we
use φ to denote a realization of the point process and a point of the proba-
bility space. Let (Φ,P) be a stationary point process of intensity λ on the
canonical space, i.e. Φ is the identity on N and P is a stationary probability
measure on (N,N ). Note that we always use the notation P rather than P
on the canonical space.

Assume we want to know the distribution of the point process, given the
fact that it has a point at the origin. Since the point process is stationary,
for all points x ∈ Rd, P[x ∈ Φ] is a constant and since the point process
cannot have an accumulation point, this constant is zero. As a consequence
we cannot use the classical conditional probability notion in order to study
the point process, given the fact that it has a point at the origin.

However, roughly speaking, the stationarity of the point process implies
that all parts of Rd are similar for the point process and this can help us to
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define the Palm probability.

When the point process is simple, the notion of Palm probability is a
classical object in the literature and is defined as follows; fix a Borel subset
of Rd, say B, with positive and finite Lebesgue measure ||B||. For all F ∈ N

P0(F ) :=
1

λ||B||

∫ ∑
t∈φ∩B

1{θtφ ∈ F}P(dφ). (1.6)

Because of the stationarity of the point process, this definition is independent
of the choice of B.

The subscript 0 in the LHS means that the typical point of the point
process is translated to the origin of Rd. In this work we denote the origin
by either 0 or O.

The interpretation of P0 is the conditional distribution of the point pro-
cess given the fact that there is a point at the origin. In ergodic case, this is
same as the distribution of the point process seen from a typical point.

This setup can be easily used also for the case where we deal with a prob-
ability space which is the product of canonical spaces and some other spaces,
e.g. identically and independently marked point processes. This is the setup
in Chapter 3.

One can modify (1.6) slightly to generalize it to a not necessarily simple
point process. For a general point process, we define its Palm probability as

P0(F ) :=
1

λ||B||

∫ ∑
t∈φ∩B̃

1{θtφ ∈ F}P(dφ), (1.7)

where B̃ is a multi-set which is equal to B as a set but all its elements are
of multiplicity infinity and the summations are on the multi-sets; so, in the
summations, each point t ∈ φ∩ B̃ occurs a number of times equal to its mul-
tiplicity in φ. The definition (1.7) is the formalization of our interpretation of
the Palm probability when the multiplicity is taken into account in choosing
the typical point. We call (Φ,P0) = (id,P0) the Palm version of the point
process (Φ,P) = (id,P).
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The definition (1.6) is independent of B and hence we can use a monotone
class argument to obtain the refined Campbell theorem

E

[∑
t∈φ

h(θt, t)

]
= E0

[∫
Rd
h(θ0, t)dt

]
,

where E and E0 denote the expectations with respect to P and P0, respec-
tively and h is a measurable mapping from N× Rd → [0,∞).

Remark 1.2. It is a classical fact that there is a bijection between stationary
simple point processes and their Palm versions and that this bijection is
constructible in both directions. This bijection can be easily extended to
general point processes. For avoiding repetition, we give a proof of this fact
in §1.3.2.

1.3.2 General Space

Let (Φ,P) be a stationary point process on the measurable space (Ω,F)
which is equipped with a measurable flow θt; i.e. Φ is compatible and P is
stationary. The Palm probability of the point process is defined as follows:
for each G ∈ F

PΦ(G) :=
1

λ||B||

∫ ∑
t∈Φ(ω)∩B̃

1{θtω ∈ G}P(dω), (1.8)

where we use the same convention for B̃ as (1.7). The Palm version of
the point process is defined as (Φ,PΦ). In Chapters 4 and 5, whenever we
speak about the Palm version of a point process, we mean the couple (Φ,PΦ)
((id,P0) in the canonical space setup) and when we speak about the Palm
probability, we mean only the second element of the Palm version.

As in the canonical space case, (1.8) is independent of the choice of B
and a monotone class argument gives the refined Campbell theorem

E

 ∑
t∈Φ(ω)

h(θt, t)

 = EΦ

[∫
Rd
h(θ0, t)dt

]
,
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where E and EΦ denote the expectations with respect to P and PΦ, respec-
tively and h is a measurable mapping from Ω× Rd → [0,∞).

Proposition 1.3. The probability measure P is recoverable from (Φ,PΦ).

Sketch of proof. We use the inversion formula which is used in [43]. Let
h : N× Rd → [0,∞) be a measurable function satisfying∑

t∈φ

h(φ, t) = 1,

for all non-null φ ∈ N. For such h, for all measurable f : Ω → [0,∞) we
have

E
[
1{Φ(Rd) > 0}f

]
= EΦ

[∫
h(Φ ◦ θ−t, t)f(θ−t)

]
.

See [43] for details. �
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Chapter 2

Navigation on a Point Process

On a locally finite point set in Rd, a navigation defines a path through the
point set from any point to any other point. In most of the examples of
navigations, it is important to be able to find the next node by only knowing
the local data around this point and the destination. Such a navigation is
called decentralized, which is formalized in §2.1.

Navigations are widely studied in two different domains of the literature.
They are considered as models for routing in communication networks; i.e.
for finding multi-hop paths between the points representing the node loca-
tions. They are often referred to as routing.

The speed of delivery of information in networks motivated many studies
in random graphs. The main object in this context is the evaluation of the
so called time constant, which gives the asymptotic behavior of the number
of edges (hops) in the paths (optimal or produced by some particular routing
protocol) joining two given nodes as a function of the (Euclidean) distance
between these nodes, when this distance tends to infinity. In the case of a
shortest (in terms of the number of hops) path, this problem is usually called
the first passage percolation problem and was originally stated by Broadbent
and Hammersley in [14] to study the spread of fluid in a porous medium.
More recently, in [13, 37], such time constants were studied on so called small
world graphs, motivated by routing in certain social networks, where any two
given nodes are joined by an edge independently with a probability that de-
cays as some power function with the Euclidean distance between them. The
complete graph on a Poisson point process with “nearest neighbor” routing
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policy was studied in this context in [8]. The first passage percolation prob-
lem on the Poisson-Delaunay graph was considered in [47, 52]. In the case of
graphs whose edges are marked by some weights, one can extend the notion
of time constant by studying the sum of the edge weights. First passage
percolation on the complete Poisson point process graph, with weights pro-
portional to some power of the distance between the nodes was studied in [30].

The other domain where navigations are used is in the characterization
of Palm measures, where bijections on the point processes play an important
role. The idea of navigations (without explicit reference to the word “naviga-
tion”) is used in several works, such as in [18] and [29], to construct bijective
mappings on point processes.

In Chapters 4 and 5 we try to unify these two view points and to find the
connections between these different literatures.

2.1 Navigation in Communication

2.1.1 Rooted Navigation

Assume φ is a locally finite (simple) subset of Rd and x ∈ φ. A (proper)
navigation with root x is a mapping f from φ to φ such that f(x) = x and
for all y ∈ φ there exists a finite k satisfying fk(y) = x. A navigation on a
graph G = (φ,E) is a navigation such that (y, f(y)) ∈ E. The navigation
tree is the tree with the set of vertices φ, and the edge set {(y, f(y)); y ∈ φ}.

If G is a graph in Rd, the navigation f on the graph G with root x is
called decentralized if for all y ∈ φ, f(y) = f(φ, y) depends only on x, y and
the adjacent vertices of y. The name decentralized is taken from the fact
that, for the navigation toward the destination, there is no need of central-
ized decisions; using local data, one can find the next step of its navigation
toward the destination.

We defined the notion of decentralization for navigations on graphs. How-
ever we can define this for general locally finite sets without any graph struc-
ture. As we will see in radial navigation (2.2), radial navigation makes local
decisions and it is decentralized in this sense. However the formalization of
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decentralization for general navigations is more technical than the case with
a graph structure and we postpone it to Section 4.5.

In this point of view, different classes of navigation algorithms have
emerged recently; e.g. a class of problems which has recently drawn much at-
tention is the small world phenomenon. As is pointed out by Kleinberg [37],
the small world phenomenon relies on the existence of shortcuts in a decen-
tralized navigation on a small world graph (see definition below). Extensions
and refinements of his results have been carried out by Franceschetti and
Meester [19], Ganesh et al. [17, 21].

Another field of application is computational geometry. Kranakis, Singh
and Urrutia [39] have introduced compass routing (numerous variants of this
exist). The Ph.D. Thesis of Morin [45] gives a review of this class of problems.
Computer scientists do not analyze the probabilistic properties of navigation
algorithms; they rather examine whether a given algorithm is a proper nav-
igation, that is whether it converges in a finite number of hops to its root.

The ideas of computational geometry may benefit to the design of routing
algorithms in real world networks. A first field of application is sensor and
ad-hoc networks, see for example the survey papers of Akyildiz et al. [1] and
Ko and Vaidya [38]. A second application is self-organized overlay and peer-
to- peer networks. Each node in the network receives a virtual coordinate
in some naming space, and the messages are routed along a geometric navi-
gation algorithm, see Plaxton, Rajaraman and Richa [48], Liebeherr, Nahas
and Si [41] or Kermarrec, Massoulié and Ganesh [22].

Lastly, in the probabilistic literature a few authors have examined decen-
tralized navigation algorithms (under other names). For example, Baccelli,
Tchoumatchenko and Zuyev [11] have analyzed a navigation on the Delau-
nay graph. Other examples include the Directed Spanning Forest introduced
by Gangopadhyay Roy and Sarkar [23] (see also Penrose and Wade [46] and
Bordenave [12]).

Below we introduce and give more precise definition of some classic ex-
amples of rooted navigations that will be used later. For simplicity, in these
examples, we assume φO is a locally finite subset of Rd which contains the
origin, O, and we introduce the navigations with root O. Let |.| denote the
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Euclidean norm of Rd and · denote the scalar product of Rd.

In these examples, the navigation may have ambiguity because of the non-
uniqueness of the point which should be chosen; however since this ambiguity
occurs with probability zero in most of interesting examples, e.g. when φO

is a realization of the Palm version of the Poisson point process, we do not
go through details on how to deal with such ambiguities at this point.

Compass Routing on the Delaunay Graph

Compass routing and its variants are popular navigations in computer sci-
ence. It was introduced by Kranakis et al. in [39], see also Morin [45]. Let
G = (φO, E) denote a locally finite connected graph. Compass routing on
G with root O is a navigation which among all neighbors of x chooses the
neighbor y such that the vector xy has the direction closest to the direction
of the vector xO; i.e.

f c,O(x) = argmax{ x
|x|
· x− y
|x− y|

: (x, y) ∈ E}. (2.1)

Compass routing is not a proper navigation on all graphs; i.e. it is not al-
ways true that it converges to O. However a variant of this routing called
face routing is a proper navigation. Also as it is pointed by Liebeherr et al.
in [41], on a Delaunay Graph, Compass Routing is a proper navigation.

Radial Navigation

For all x ∈ φO, among all points of φO which are closer to O than x, the
radial navigation choses the closest point to x; i.e.

f r,O(x) = y if y ∈ B|x|(O), φO ∩B|x−y|(x) ∩B|x|(O) = ∅, (2.2)

where Bs(x) is the open ball of radius s with center x. It is easy to see that
radial navigation is a proper navigation. Radial navigation is studied in [12].

Small World Graphs

The random connection graph, defined in [20], is a graph G = (φO, E) such
that vertices x ∈ φO and y ∈ φO are connected with probability g(|x− y|)
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independent of anything else, where g is a non-increasing function with values
in [0, 1]. Small world graphs are random connection graphs such that when
t tends to infinity,

g(t) ∼ ct−β,

with c > 0 and β > 0. More formally, we assume that all pairs of points
{x, y} of φO have i.i.d. uniform marks Uxy = Uyx in [0, 1] and that {x, y} ∈ E
if Uxy < g(|x− y|). It is proved that for β > d, for the small world graph on
a homogeneous Poisson point process, the degrees of all vertices are almost
surely finite.

Maximal Progress Navigation

The maximal progress navigation from x ∈ φO to the origin is defined as

fm,O(x) := argmin{|y|; {x, y} ∈ E}. (2.3)

It is easy to see that maximal progress navigation is not necessarily proper.
There are several propositions in the literature for avoiding the improperness
of the maximal progress navigation, e.g. see [13, 17, 21].

In §2.3 we propose a solution different from those of the literature, which
illustrates the use of navigations in finding sub-optimal paths via decentral-
ized navigations in space-time graphs.

2.1.2 Compatible Navigation

Consider a rooted navigation where the destination point x goes to infinity
in some direction u ∈ Sd−1. In this case it would be natural that the rooted
navigation tend to a navigation with asymptotic direction u. This is the
connection between rooted navigations and the class of navigations which
are called compatible navigations.

Compatible navigations, which are also referred to as compatible point-
maps, is the class of navigations on which we will focus. They are called
compatible because they are compatible with the shifts of Rd, i.e. for all
points x ∈ φ and all t ∈ Rd, the next hop of the shifted point x+ t in φ+ t,
i.e. f(x+ t), is f(x) + t. We give a complete definition of compatible point-
maps in Chapter 4.
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For example assume that f c,u on the graph G = (φ,E) is the compass
routing when the destination point goes to infinity in direction u. Then (2.1)
becomes

f c,u(x) = argmax{u · x− y
|x− y|

: (x, y) ∈ E}; (2.4)

i.e. the f c,u(x) is the neighbor of x with the least deviation from the direction
u. Clearly, if we shift G by the vector t, one has f c,u(x+t) = f c,u(x)+t. This
is called the directed version of compass routing. The algorithm in Baccelli
et al. [11] is closely related (but not equivalent).

In the directed version of radial navigation, which is referred to as direc-
tional navigation, f r,u(x) is the closest point of φ to x which has a greater u
component, i.e.

f r,u(x) = y if y ∈ Hu(x), φ ∩B|x−y|(x) ∩Hu(x) = ∅, (2.5)

where Hu(x) := {y ∈ Rd; (y− x) · u > 0}. This model is examined in [12, 23,
46].

If we assume that the underlying locally finite subset of navigation is
generated by a stationary point process (id,P), e.g. a homogeneous Poisson
point process, a natural question is the relation between the rooted naviga-
tions with root x, where x goes to infinity in direction u on the Palm version
of the point process, i.e. (id,Px), and the directed version of the navigation.
For example in [8], it is shown that in such a situation, the radial navigation
converges to the associated directional navigation. Such a convergence when
it can be proved, plays an important role in the asymptotic analysis of rooted
navigations.

2.2 Navigations and Palm Probability

The class of compatible navigations connects navigations in communication
networks and their use in Palm theory. In the literature of Palm theory they
are called point-maps rather than navigations. The starting point is the fol-
lowing well-known proposition. The interested reader can see [28, 40, 50] for
further details.
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Proposition 2.1. If (Φ,P) is a simple stationary point process and f is
a point-map which is bijective on ΦP-almost all realizations of the point
process, then the Palm version of the point-process is invariant under the
action of f ; i.e. for all A ∈ F one has

PΦ = θf(Φ,O)PΦ,

where the RHS is defined using the convention (1.1) and we denote the point-
map f as f(Φ, O) = f(Φ(ω), O) in order to emphasize the dependence of f
on Φ(ω), the realization of the point process.

Proof. Let B = [0, 1)d. According to (1.8), we have:

λθf(Φ,O)PΦ [A] = λ||B||PΦ

[
θ−f(Φ,O)A

]
=

∫
Ω

∑
t∈Φ(ω)∩B̃

1{θtω ∈ θ−f(Φ(θtω),O)A}P(dω)

=

∫
Ω

∑
t∈Φ(ω)∩B̃

1{θtω ∈ θ−f(Φ(ω),t)+tA}P(dω)

=

∫
Ω

∑
v∈Z

∑
t∈Φ(ω)∩B̃

∑
s∈Φ(ω)∩(B̃+v)

1 {s = f(Φ(ω), t), θsω ∈ A}P(dω)

=
∑
v∈Z

∫
Ω

∑
t∈Φ(ω)∩(B̃−v)

∑
s∈Φ(ω)∩B̃

1 {s = f(Φ(ω), t), θsω ∈ A}P(dω)

=

∫
Ω

∑
s∈Φ(ω)∩B̃

1{θsω ∈ A}P(dω) = λPΦ(A),

where the third equation follows from the compatibility of f (see §4.2 for the
exact definition of compatible point-maps), the fifth one is because of the
stationarity of the point process and the sixth equation is a consequence of
the fact that f is bijective. �

In this point of view, routing is not the objective of the construction of
the point-maps. The main interest is in the construction of bijective point-
maps. For example, in [18] and [29], the authors construct point-maps on a
Poisson point process, in order to produce bijective point-maps on the latter.
Here we describe strip routing on Poisson point process, which is originally
introduced in [18] and we explain how this was used to construct a bijection
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on the Poisson point process.

Here we explain the strip routing point-map in R2. But this point-map
can be easily generalized to higher dimensions.

Example 2.2 (Strip Routing Point-Map). For all points x = (x1, x2) in the
plane, let St(x) denotes the half strip (x1,∞) × [x2 − 1, x2 + 1]. Let f(x)
be the left most point of St(x). Therefore, f is almost surely well defined
on the homogeneous Poisson point process in the plane and it is compatible.
We call this the strip routing point-map.

Let φ be a realization of the Poisson point process. For an arbitrary
x0 ∈ φ and i ∈ N, let xi+1 = f(xi). Let δ(x0) count the number of y ∈ φ
(including x0 itself), such that f(y) = x1 and the segment yx1 intersects
the triangle x0x1x2 at some points other than x1. We denote by ∆n(x0) the
sequence δ(xn)δ(xn−1) · · · δ(x0).

It is proved in [18] that almost surely, for all points x and y, there exist
natural numbers m and n such that

fm(x) = fn(y). (2.6)

We say x � y if ∆m(x) ≤ ∆n(y) in the dictionary order. This order is in-
dependent of the choice of m and n which satisfy (2.6). It is easy to prove
that � induces an order on the points of the Poisson point process which is
isomorphic to the order of Z almost surely.

If we define g(x) to be the least point of φ under � which is greater than
x, g(x) is a compatible point-map which is almost surely a bijection.

Strip routing can be generalized to all dimensions. In [18], it is proved
that for the two and three dimensional cases, the orbit of an arbitrary point,
under the bijection, consists of all points of the point process.

As we said, the interest in point-maps in Palm theory arose from the
search for bijective point-maps; either through the study of bijective point-
maps themselves, or through the use of non bijective point-maps in the con-
struction of bijective ones.

16



In Chapter 4 we generalize the invariance of the Palm probability under
the action of bijective point-maps to the invariance of a class of probabil-
ity measures, which we call point-map Palm measures, under the action of
general point-maps (not necessarily bijective).

2.3 Navigations and Optimal Paths

One of the most important applications of navigations, is in the construction
of sub-optimal paths, specially when we need decentralization either in time
or space. In order to illustrate this use, we start with an example which
explains the situation and we simultaneously introduce the notion of space-
time graphs.

In (2.3) we introduced maximal progress navigation on the small world
graph and we noted that, in general, maximal progress navigation need not
to be a proper navigation. Below we introduce the space-time small world
graph where edges are renewed at each time step. The formalization is as
follows:

The function g and φO are as before. We assume that {Uxy(n)}{x,y}⊂φO,n∈N
are i.i.d. uniform random variables in [0, 1]. Note that we assume that
{x, y} is a subset of φO; i.e. for all n, Uxy(n) = Uyx(n). We assume that
{x, y} ∈ E(n), the set of edges at the n-th time-epoch, if Uxy(n) < g(|x− y|).

The timed version of the maximal progress navigation at time n, is defined
as

fm,O(x, n) = argmin({|x|} ∪ {|y|; {x, y} ∈ E(n)}); (2.7)

i.e. if at time n, x does not have a neighbor which is closer to the origin than
x itself, the navigation stays at x. One can easily verify that if g is positive
at all points, the local finiteness of φO implies that the timed version of the
maximal progress navigation finally reaches the origin.

We can interpret this setup in the context of space-time graphs. Let G̃
be a directed graph with vertex set φO × N. Each vertex (x, n) denotes a
point x ∈ φO and a time epoch n ∈ N. There is a directed edge from (x,m)
to (y, n) if and only if n = m+ 1 and Uxy(m) < g(|x− y|). Using this setup,
all edges (x, y) of E(n) have the associated edge from (x, n) to (y, n+ 1) and
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therefore there is a one to one correspondence between the paths from (x, 1)
to the set of vertices {y}×N, and the paths from x to y which at time epoch
n, use only the edges of E(n), where the origin of time is n = 1.

The optimal path, i.e. the fastest path, between x and y is a path between
(x, 1) and (y, n) in G̃ where n is the smallest integer for which there exists
such a path. Using the described one to one correspondence, the optimal
path is associated to the first passage percolation from x to y when at each
time epoch we only use the edges of that time epoch.

Clearly the optimal path depends on E(n) for different values of n and
for all fixed t ∈ N, the history of the process until time t, i.e. {E(n)}n≤t,
in general is not sufficient for finding the optimal path between all pairs of
points of φO. Therefore, finding the optimal path is not practical unless we
know E(n) at all time epochs, i.e. the optimal path is centralized in time
and there is no time-local decisions which can lead us to the optimal path
unless we know E(n) for all n.

However, as we saw earlier, the timed version of the maximal progress
navigation gives a suboptimal path from x to y which is decentralized in
both space and time. Decentralization in time is really important. Because
decentralization in space is only meant to reduce the complexity of the prob-
lem. But decentralization in time changes an absolutely unpractical optimal
problem to a practical suboptimal one.

2.4 Random Geometric Graph

2.4.1 Boolean Model and Geometric Graph

The Boolean model is based on a Poisson point process Φ, whose points are
also called germs, and on an independent sequence of i.i.d. compact sets
called grains. To avoid the technical difficulties associated with the notion
of random compact sets, we assume grains are i.i.d. random closed balls.

In this setup, the Boolean model is the union of random closed balls in
Rd, where the centers of the balls are the points of Φ and the radii of the
balls form an i.i.d. sequence of positive real numbers. We denote by r(x) the
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radius of the ball centered at x ∈ Φ.

The Boolean model is one of the simplest examples of coverage processes.
For example we can assume that the points of Φ are the locations of the
antennas of a cellular network, and each grain denotes the part of the space
which is covered by the associated antenna.

The Boolean model also can be used as a connectivity model. We assume
that the points x and y in Φ are connected, if their associated grains intersect.
In our setup, where grains are random closed balls, the connection condition
is equivalent to

x↔ y iff |x− y| ≤ r(x) + r(y).

The random geometric graph is the graph defined by Boolean connectivity;
i.e. its vertices are the points of the point process and there is an edge be-
tween two vertices, if they are connected in the Boolean model.

Boolean connectivity is symmetric, i.e. the connectivity between x and y
is symmetric with respect to the pair (x, y). One can assume non symmetric
Boolean connectivity where there is a directed edge from x to y, if y is in the
grain of x; in the random closed ball case, it is equivalent to

x→ y ⇔ |x− y| ≤ r(x).

We call the directed graph associated to the asymmetric Boolean connectiv-
ity the directed random geometric graph.

We can examine different navigation algorithms on the directed random
geometric graph. Since almost surely the directed random geometric graph
is not connected, therefore there is no proper rooted navigation on this graph.

Consider the directional navigation (2.5) on the directed random geomet-
ric graph. One may verify that, almost surely, for all points x ∈ Φ, there
exists an integer n(x) such that, for all n ≥ n(x) one has

(f r,u)n(x) = (f r,u)nx(x).

Such a navigation is called traplike; i.e. navigations starting from all points
will be trapped at some points and cannot progress anymore.
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2.4.2 SINR Graph

Assume we want to examine a radio network for which we have to take into
account the interference of different nodes and the noise. One of the well
known models in such a situation is the notion of signal to interference and
noise ratio or SINR (see [3, 27, 51]). Below, we describe a simple static
model of an SINR graph; in Chapter 3 we will study a more complicated
dynamic model of an SINR graph.

Let Φ be an independently marked point process with positive marks.
We denote the mark of the point x by p(x), which denotes the power of the
signal which is emitted from x.

In this model we assume the signal power decreases as the signal pro-
gresses from the transmitter and we model this loss by dividing the original
power of the signal by l(r), an increasing path-loss function of the distance;
i.e. a receiver at distance r from the transmitter, instead of the original
power q, receives the signal with power q/l(r) which is also known as virtual
power. A classical example of path-loss function is l(r) = (Ar)β, where A is
a positive constant and β is a constant larger than 2. We also assume there
is a thermal noise which has a constant value w.

The SINR at the receiver y with respect to the transmitter x is defined as

SINRxy =
q(x)/l(|x− y|)

w +
∑

x,y 6=z∈Φ p(z)/l(|z − y|)
·

The numerator of the RHS is the virtual power from x to y and the denom-
inator is the total amount of noise and interference power where the total
interference power is the summation of all virtual powers from other trans-
mitters. We assume there exists a (good) channel between x and y if SINRxy

is greater than a fixed threshold T .

The SINR graph associated to this model is a graph with set of nodes
Φ and where there is a directed edge from x to y if SINRxy > T . As the
geometric random graph, the SINR graph is not necessarily connected and
therefore there is no proper rooted navigation on this graph.
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2.5 Space-Time SINR Graph: Optimal Paths

and Navigations

In Chapter 3 we construct space-time SINR random graphs which have dif-
ferent characteristics than the static SINR graph, described in Section 2.4.
The aim of this section is to introduce basic notions needed to describe the
space-time SINR graph of Chapter 3. For more details on related subjects
see [3, 51].

2.5.1 Medium Access Control (MAC)

The first difference between space-time SINR graphs and the static SINR
graph is because of MAC. MAC is used to decrease the interferences, which
may make the decoding of signal impossible in the network. Different MAC
policies are developed in the literature for controlling the access of nodes to
the network.

For example, Time Division Multiple Access (TDMA) is based on a di-
vision of time into slots and on an appropriate scheduling of the access of
nodes to the shared medium. The role of the scheduling is to ensure that
nodes which transmit in the same time slot do not jam each other. Note
that this is compatible with some spatial reuse in that transmitters which
are far away can use the same time slot provided the power of interference
they create at each receiver is such that the SINR is above T .

Another MAC policy, which is the policy considered in Chapter 3, is
Aloha. In this setup, at each time slot, each node tosses a coin with bias p,
which is called medium access probability, independently of everything else.
Only the nodes tossing heads transmit during this time slot. The idea is
that for appropriate p, there will be at the same time a large enough random
exclusion zone around any node (and in particular any receiver), and hence
a small enough interference at the receiver. Because of the random nature of
the algorithm, collisions may take place. Acknowledgments are used to cope
with this problem. One of the main advantages of this scheme is that it is
fully decentralized. One can in particular add or delete transmitters or let
nodes move without altering the access mechanism.
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According to Aloha, each point at each time step is either transmitter or
receiver. In time steps when it is transmitter it can try to send a packet and
in time steps when it is receiver, it can receive possible incoming packets.
In this model, channels are feasible from transmitters to receivers. Since
receivers do not emit any signal, they do not cause any interference and the
interference at a receiver is caused by other transmitters.

2.5.2 Fading

In the static SINR graph, we assumed that the original power from a trans-
mitter to all receivers is constant and the virtual power changes only due to
path-loss. However, in real networks, this assumption is not reasonable, e.g.
see [3, Remark 2.3.1]. In the space-time SINR graph, we assume that the
power of the signal from transmitter x to receiver y is affected not only by
their distance, but also by a random fading, which in the Rayleigh fading
assumption is modeled by multiplication by an exponential random variable
with mean 1. Therefore in this setup, the virtual power from transmitter x
to receiver y is equal to

qFxy
l(|x− y|)

,

where Fxy is the fading exponential random variable with mean 1. For sim-
plicity we consider Fxy for all pairs of points, but for calculation of inter-
ferences, we only take into account Fxy, where x is a transmitter and y is
a receiver. Note that we consider fading for ordered pairs of nodes, i.e.
Fxy 6= Fyx.

There are two fading scenarios in the literature which are normally con-
sidered. The first one, which is called slow fading, is that where Fxy does
not change with time and, after the first sampling, it remains constant. The
other possible scenario is fast fading for which we resample the fading at all
time steps. In this setup we assume {Fxy(n)}x,y∈Φ,n∈Z is a sequence of i.i.d.
random variables. In Chapter 3 we consider the fast fading scenario and
since we deal with Rayleigh fading, instead of considering pFxy, we assume
that Fxy is an exponential random variable with a fixed mean, not necessarily
equal to one.
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2.5.3 Thermal Noise

The last difference between the space-time SINR graph and the static SINR
graph is the variations of thermal noise. We will assume the thermal noise
at all nodes and all time steps is a sequence of i.i.d. random variables.

2.5.4 Space-Time SINR Graph

The SINR graph is constructed on a random locally finite subset of the plane
which does not change in time. However the set of the directed edges changes
in each time step. This change arises from the changes in medium access in-
dicators, fading and thermal noise in a way which is analogous to that of the
space-time small world graph.

In Chapter 3, we study various problems on this random graph including
the law of its in-degree and out-degree, the number of paths originating from
(or terminating at) a typical node or its connectedness. The most important
results bear on the first passage percolation problem in this graph. In the
case of Poisson point process for the node locations, we show that the time
constant is infinite. We then show that when adding a periodic node infras-
tructure of arbitrarily small intensity to the Poisson point process, the time
constant is positive and finite. These results lead to bounds on the delays
in wireless networks which hold for all routing algorithms. This subject, or
more generally, the question of the speed of the delivery of information in
large wireless networks currently receives a lot of attention in the engineering
literature see e.g. [24, 31]. In Section 3.5 we consider the directional navi-
gation (2.5) on the space-time SINR graph and we prove its convergence to
infinity, i.e. the directional navigation with direction (1, 0) passes all vertical
lines almost surely.

As already explained, optimal paths are not practical. This leads us from
the analysis of optimal paths in the space-time SINR graph in Chapter 3 to
construction of a framework for analyzing of compatible navigations, which
will be referred to as point-maps, in Chapters 4 and 5. Point-maps help us to
find sub-optimal paths in order to bypass the lack of the time-decentralization
in optimal paths.
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Chapter 3

Optimal Paths on the
Space-Time SINR Random
Graph

3.1 Introduction

This chapter focuses on the speed of delivery of information in SINR graphs.
In contrast to previous studies of this subject, in particular to [9, 16], we
consider graphs with space-time vertices. This new model is motivated by
multihop routing protocols used in wireless ad-hoc networks. In this frame-
work, the random point process on the plane describes the locations of the
users of an ad-hoc network and the discrete time dimension corresponds to
successive time slots in which these nodes exchange information (here pack-
ets). As in [5] we assume the spatial Aloha policy to decide which node
transmit at a given time slot. We also assume some space-time fading model
(already used e.g. in [7]) to describe the variability of the wireless channel
conditions (see e.g. [51]). In this space-time SINR graph, a directed edge rep-
resents the feasibility of the wireless transmission between two given network
nodes at a given time. More precisely, the direct transmission of a packet
succeeds between two nodes in a given time slot if the ratio of the power of
the signal between these nodes to the interference and noise at the receiver
is larger than a threshold at this time slot. This definition has an informa-
tion theoretic basis (see e.g. [51]). It is rigorously defined below using some
power path-loss model and an associated shot-noise model representing the
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interference.

This chapter is organized as follows. In Section 3.2 we introduce the
space-time SINR graph model. The results are presented in Section 3.3,
most of the proofs are deferred to Section 3.4. Some implications on routing
in ad-hoc networks are presented in Section 3.5.

Sections 3.2-3.4 of the current chapter is published in Advances in Applied
Probability [4].

3.2 The Model

3.2.1 Probabilistic Assumptions

Throughout the chapter we consider a simple, stationary, identically and
independently marked (i.m.) point process Φ̃ = {(Xi, ei,Fi,Wi)} with finite,
positive intensity λ on R2. In this model,

• Φ = {Xi} denotes the locations of the network nodes on the plane
R2. The following three cases regarding the distribution of Φ will be
considered:

General point process. Φ is a general (stationary, non-null, with
finite intensity) point process,

Poisson point process. Φ is a Poisson point process,

Poisson+Grid point process. Φ = ΦM + ΦG is the superposition
of two independent point processes; where ΦM denotes a station-
ary Poisson point process with finite, non-null intensity λM and
ΦG = sZ2 + UG a stationary, periodic point process, whose nodes
constitute a square grid with edge length s, randomly shifted by
the vector UG that is uniformly distributed in [0, s]2 (this makes
ΦG stationary). Note that the intensity of ΦG is λG = 1/s2.

• ei = {ei(n)}n∈Z, where Z = {. . . ,−1, 0, 1, . . .} denotes integers; the
variables {ei(n) : i, n} are i.i.d. (in n and i) Bernoulli random variables
(r.v.s) with P{ e = 1 } = 1−P{ e = 0 } = p, where e denotes the generic
r.v. for this family. We always assume 0 < p < 1. The variable ei(n)
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represents the medium access indicator of node Xi at time n; it says
whether the node transmits (case e = 1) or not at time n.

• Wi = {Wi(n)}n; {Wi(n) : i, n} is a family of non-negative i.i.d. r.v.s
with some arbitrary distribution. The variable Wi(n) represents the
power of the thermal noise at node Xi and at time n. Let W denote
the generic r.v. for this family.

• Fi = {Fi,j(n)}j,n; {Fi,j(n) : i, j, n} is a family of non-negative i.i.d.
r.v.s. The variable Fi,j(n) represents the quality of the radio channel
(also called fading) from node Xi ∈ Φ to node Xj ∈ Φ at time n.
The following two cases regarding the distribution of F (denoting the
generic random variable for this family) will be considered:

General fading: when F has some arbitrary distribution with finite
mean.

Exponential fading: when F has exponential distribution with mean
1/µ. 1

To complete the probabilistic description of the model we assume that, given
Φ, the random elements {ei}i, {Wi}i and {Fi}i are independent. For more
on this framework, which is classical, see e.g. or [5, 6, 7].

Our stationary i.m. point process Φ̃ is considered on a probability space
with probability P. We will denote by P0 the Palm probability with respect
to Φ; see [15, Ch.13]. Recall that it can be interpreted as the conditional
probability given Φ has a point at the origin 0 of the plane. We will denote
this point (considered under P0) by X0 and call it the typical node. Under P0

Φ̃ is also an i.m. point process with marks distributed as in the original law.
Moreover, in the case of Poisson point processs, the distribution of Φ under
P0 is equal to the distribution of Φ ∪ {0} under the stationary probability P
(cf. the Slivnyak-Mecke Theorem [15, p.281]).

1 In wireless signal propagation models, the exponential distribution appears naturally
as the square power of the norm of a complex random variable, whose real and imaginary
components are i.i.d. Gaussian. In this case one often speaks about Rayleigh fading
model because the norm (absolute value) of such a complex random variable is Rayleigh-
distributed; see e.g. [51, p. 50 and 501].
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3.2.2 SINR Marks

Given the i.m. point process Φ̃ described above, we construct another family
of random variables {SINRij(n) : i, j, n}, which will be interpreted as the
SINR observed in the channel from Xi ∈ Φ to Xj ∈ Φ at time n. These
variables, which have an information theoretic background, will be used to
assess the success of transmissions. For defining these variables, we give
ourselves some non-decreasing function l : R+ = {t : t ≥ 0} → R+ that we
call the path-loss function. A special example considered in this thesis (and
commonly accepted in the wireless communication context) is

l(r) = (Ar)β with some A > 0 and β > 2 . (3.1)

Denote by Φ1(n) = {Xi : ei(n) = 1} the point process of transmitters at time
slot n and by Φ0(n) = {Xi : ei(n) = 0} that of (potential) receivers. For
a given pair receiver Xj ∈ Φ0 and transmitter Xi ∈ Φ1(n), we will assume
that Xj receives a signal from Xi with power Fi,j(n)/l(|Xj −Xi|) at time n.
Node Xj also receives signals from other transmitters Xk ∈ Φ1(n), Xk 6= Xi

at time n. The total received power is equal to

Ii,j(n) =
∑

Xk∈Φ1(n)\{Xi}

Fk,j(n)/l(|Xk −Xj|) .

Let also
Ij(n) =

∑
Xk∈Φ1(n)\{Xj}

Fk,j(n)/l(|Xk −Xj|) .

Both Ii,j(n) and Ij(n) are shot-noise r.v.s generated by Φ1(n), the fading
marks and the path-loss function. They are infinite sums of non-negative
r.v.s. In order to check whether these r.v.s are a.s. finite, one can use the
Campbell-Little-Mecke formula (Campbell for short; cf. [15, Prop. 13.3.II]),
which implies that

E0
[ ∑
Xk∈Φ1(n),|Xk|>ε

Fk,0(n)/l(|Xk|)
]

= pE[F ]

∫
R2\[0,ε]2

1/l(|x|)M̆[2](dx) , (3.2)

where M̆2(·) is the reduced second order moment measure of Φ (cf [15, p. 238]).
In what follows, we will always tacitly assume that l(·),Φ are such that the
integral in the right-hand side of (3.2) is finite for some ε ≥ 0, which im-
plies that I0(n) is almost surely (a.s.) finite under P0 for all n as well as
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all Ij(n), Ii,j(n) under P. If Φ is the homogeneous Poisson point process, we

have M̆[2](dx) = λ dx and it is easy to see that we have finiteness for l(·)
given by (3.1) for all ε > 0. It is also relatively easy to see that it holds for
the Poisson+Grid point process Φ = ΦM + ΦG.

The SINR at the receiver Xj ∈ Φ0(n) with respect to transmitter Xi ∈
Φ1(n), at time n is defined as

SINRi,j(n) =
Fi,j(n)/l(|Xi −Xj|)
Wj(n) + Ii,j(n)

. (3.3)

3.2.3 Space-Time SINR Graph

Let

δi,j(n) =


1(SINRi,j ≥ T ) if ei(n) = 1, ej(n) = 0, i 6= j,

1 if i = j,

0 otherwise,

(3.4)

where T > 0 is a threshold assumed to be some given constant throughout
the thesis. We define the space-time SINR graph G as the directed graph
with the set of vertices Φ×Z and a directed edge from (Xi, n) to (Xj, n+ 1)
if δi,j(n) = 1.

Let us stress on an important convention in our terminology. By network
node, or point, we understand a point of Φ. A (graph) vertex is an element
of Φ× Z; i.e. it represents some network node at some time. The existence
of a graph edge is to be interpreted as the possibility of a successful com-
munication between two network nodes (those involved in the edge) at time
n. This can be rephrased as follows. Suppose that at time n the network
node Xi has a packet (containing some information). Then the set of graph
neighbors of the vertex (Xi, n) describes all the nodes that can decode this
packet at time n+1. Thus any path on the graph G represents some possible
route of the packet in space and time.

3.3 Results

In this section we present our results on G.
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3.3.1 Existence of Paths

All the results of this section are obtained under the general point process
and fading assumptions of Section 3.2, under the assumption that the finite-
ness of the expression in (3.2) is granted.

Note first that G has no isolated nodes in the usual sense. Indeed, we
have always (Xi, n) connected to (Xi, n+1). We will consider directed paths
on G and call them paths for short. Note that these paths are self-avoiding
due to the fact that there are no loops in the time dimension.

Denote by Hout,k
i (n) the number of paths of length k (i.e. with k edges)

originating from (Xi, n). Similarly, denote by Hin,k
i (n) the number of such

paths terminating at (Xi, n). In particular Hout
i (n) = Hout,1

i (n) andHin
i (n) =

Hin,1
i (n) are respectively, the out- and in-degree of the node (Xi, n).

Lemma 3.1. For a general point process Φ and a general fading model,
the in-degree Hin

i of any node of G is bounded from above by the constant
ξ = 1/T + 2.

Proof. Assume there is an edge to node (Xj, n) from nodes (Xi1 , n− 1), . . . ,
(Xik , n− 1), for some k > 1 and iν 6= j (ν = 1, . . . , k). Then for all such ν

Fiν ,j
l(|Xiν −Xj|)

≥ T

1 + T

(
k∑

µ=1

Fiµ,j

l(|Xiµ −Xj|)

)
.

When summing up all these inequalities, one gets that Tk ≤ 1 + T , that is
k ≤ 1/T + 1. Considering the edge from (Xi, n− 1) to (Xi, n), the in-degree
of any node is bounded from above by ξ = 1/T + 2.

�

Let
hout,k = E0[Hout,k

0 (n)] = E0[Hout,k
0 (0)]

and
hin,k = E0[Hin,k

0 (n)] = E0[Hin,k
0 (0)]

be the expected numbers of paths of length k originating or terminating at
the typical node, respectively. In particular hout = hout,1 and hin = hin,1 are
the mean out- and in-degree of the typical node, respectively.
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Lemma 3.2. For a general point process Φ and a general fading model

hin,k = hout,k . (3.5)

Proof. We use the mass transport principle to prove that E0[Hout,k
0 (0)] =

E0[Hin,k
0 (0)], which implies the desired result. Indeed, Campbell’s formula

and stationarity give

λhout,k = λ

∫
[0,1)2

E0[Hout,k
0 (0)] dx

= E
[ ∑
Xi∈Φ∩[0,1)2

Hout,k
i (0)

]
=

∑
v∈Z

E
[ ∑
Xi∈[0,1)2

∑
Xj∈[0,1)2+v

# of paths from (Xi, 0) to (Xj, k)
]

=
∑
v∈Z

E
[ ∑
Xi∈[0,1)2−v

∑
Xj∈[0,1)2

# of paths from (Xi, 0) to (Xj, k)
]

= λ

∫
[0,1)2

E0[Hin,k
0 (k)] dx = λhin,k ,

where # denotes the cardinality. This completes the proof. �

Here are immediate consequences of the two above lemmas.

Corollary 3.3. Under the assumptions of Lemma 3.1:

• G is locally finite (both on in- and out-degrees of all nodes are P-a.s.
finite).

• Hin,k
i (n) ≤ ξk P-a.s for all i, n, k.

• hin,k = hout,k ≤ ξk for all k.

For all Xi, Xj ∈ Φ and n ∈ Z, we denote the local delay from Xi to Xj at
time n by the quantity

Li,j(n) = inf{k ≥ n : δi,j(k) = 1}

with the usual convention that inf ∅ = ∞. Note that Li,j(n) is the length
(number of edges) of the shortest path (with the smallest number of edges)
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from (Xi, n) to {Xj} × Z among the paths contained in the subgraph G ∩
{Xi, Xj} × Z of G, which is of the form

((Xi, n), (Xi, n+ 1)), . . . , ((Xi, n+ Li,j(n)− 1), (Xi, n+ Li,j(n))),

((Xi, n+ Li,j(n)), (Xj, n+ Li,j(n) + 1)).

Our next result gives a condition for the local delays to be a.s. finite.

Lemma 3.4. Assume a general point process Φ and a general fading model
with F having unbounded support (P{F > s } > 0 for all 0 < s < ∞).
Then, given Φ, all local delays Li,j(n) are P-a.s. finite geometric random
variables.

Proof. Due to our assumption on the independence of marks in successive
time slots, given Φ, the variables {δi,j(n) : n ∈ Z} are (i.i.d.) Bernoulli
r.v. and thus Li,j(n) is geometric r.v. It remains to show that P{ δi,j(0) =
1 |Φ } := πi,j(Φ) > 0 for P-almost all Φ. For this, note that

πi,j(Φ) = p(1− p)P
{
Fi,j(0) ≥ l(|Xj −Xi|)

(
Wj(0) + Ii,j(0)

)}
.

Under our general assumptions (including finiteness of the expression in (3.2))
Ii,j(0) is a finite random variable P-a.s. The result follows from the assump-
tion that 0 < p < 1 and the fact that Fi,j(0) is independent of Ii,j(0),Wi,j(0)
and has infinite support. �

The next result directly follows from Lemma 3.4.

Corollary 3.5. Under the assumptions of Lemma 3.4, G is P-a.s. connected
in the following weak sense: for all Xi, Xj ∈ Φ and all n ∈ Z, there exists a
path from (Xi, n) to the set {(Xj, n+ l) : l ∈ N}, where N = {1, 2, . . .}.

We denote by Li(n) = infj 6=i Li,j the length of a shortest directed path
from (Xi, n) to ({Φ \ Xi}) × Z. We will call Li(n) the exit delay from Xi

at time n. Finally, we denote by Pi,j(n) the length of a shortest path of G
from (Xi, n) to {Xj}×Z. We call Pi,j(n) the delay from Xi to Xj at time n.
Obviously for i 6= j we have

Li(n) ≤ Pi,j(n) ≤ Li,j(n), (3.6)

and thus it follows immediately from Lemma 3.4 that all the three collections
of delays are finite r.v.s P-a.s.
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3.3.2 Optimal Paths: Poisson Point Process Case

We have seen in the previous section that under very general assumptions,
all the delays are P-a.s. finite random variables. In this section we show that
under some natural assumptions (such as Poisson point process and expo-
nential fading), the averaging over Φ may lead to infinite mean values. This
averaging is expressed in terms of the expectation for the typical node under
the Palm probability. The proofs of the results stated in what follows are
given in Section 3.4.1.

Denote ` = E0[L0(n)] = E0[L0(0)].

Proposition 3.6. Assume Φ to be a Poisson point process, F to be expo-
nential and the noise W to be bounded away from 0; i.e. P{W > w } = 1
for some w > 0. Let the path-loss function be given by (3.1). Then
P0{L0(0) ≥ q } ≥ 1/q for q large enough.

Corollary 3.7. Under the assumptions of Proposition 3.6, we have:

• The mean exit delay from the typical node is infinite; ` =∞.

• In any given subset of plane with positive Lebesgue measure, at a given
time, the expected number of points of Φ which have exit delays larger
than q decreases not faster than 1/q asymptotically for large q.

The fact that the mean exit delay from the typical point is infinite (` =∞)
seems to be a consequence of the potential existence of arbitrarily large
“voids” (disks without points of Φ) around this point. Indeed, when condi-
tioning on the existence of another point in the configuration Φ, one obtains
finite mean local delays. This will be shown in Proposition 3.8 below.

Before stating it we need to formalise the notion of existence of two given
points X, Y ∈ R2 of Φ. For this, we consider Φ under the two-fold Palm
probability PX,Y . Since our results on the matter bear only on the Poisson
point process case, we can assume (by Slivnyak’s Theorem) the following
version of the Palm probability of the Poisson point process Φ:

PX,Y {Φ ∈ · } = P
{

Φ ∪ {X, Y } ∈ ·
}
. (3.7)

Moreover, under PX,Y , the marked Poisson point process Φ̃ is obtained by an
independent marking of the points of Φ ∪ {X, Y } according to the original
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distribution of marks. Slightly abusing the notation, we denote by LX,Y (n)
the local delay from X to Y at time n when considered under PX,Y . Similar
convention will be adopted in the notation of other types of delays under the
Palm probabilities PX or PX,Y .

Proposition 3.8. Assume Φ to be a Poisson point process, F to be exponen-
tial and the noise W to have a general distribution. Then for all X, Y ∈ R2,
the mean local delay from X to Y is finite given the existence of these two
points in Φ. More precisely,

EX,Y [LX,Y (0)] <∞ . (3.8)

The next result follows immediately from (3.6).

Corollary 3.9. Under the assumptions of Proposition 3.8,

EX,Y [LX(0)] ≤ EX,Y [PX,Y (0)] < EX,Y [LX,Y (0)] <∞ . (3.9)

The following result is our main “negative” result concerning G in the
Poisson point process case:

Proposition 3.10. Under the assumptions of Proposition 3.6, we have

lim
|X−Y |→∞

EX,Y [PX,Y (0)]

|X − Y |
=∞ . (3.10)

In other words, the expected shortest delay necessary to send a packet
between two given points of the Poisson point process grows faster than the
Euclidean distance between these two points. However, we do not know the
exact asymptotic of this delay. This latter problem seems to be much more
complicated.

3.3.3 Filling in Poisson Voids

In this section we show that adding an independent periodic pattern of points
to the Poisson point process allows one to get a linear scaling of the shortest
path delay with Euclidean distance. In order to prove the existence and finite-
ness of the associated time constant, we adopt a slightly different approach
to the notion of paths on G, which will allow us to exploit a subadditive
ergodic theorem. The proofs of the results stated in what follows are given
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in Section 3.4.2.

For x ∈ R2, let X(x) be the point of Φ which is closest to x. The point
X(x) ∈ Φ is a.s. well defined for all given x ∈ R2 since Φ is assumed
simple and stationary point process For all x, y ∈ R2, define P (x, y, n) =
PX(x),X(y)(n) to be the length of a shortest path of G from vertex (X(s), n)
to the set {(X(y), n + l), l ∈ N}. We will call P (x, y, n) the delay from x to
y at time n. For all triples of points x, y, z ∈ R2, we have

P (x, z, n) ≤ P (x, y, n) + P
(
y, z, n+ P (x, y, n)

)
. (3.11)

Let
p(x, y,Φ) = E[P (x, y, 0) |Φ] . (3.12)

Using the strong Markov property, we get that, conditionally on Φ, the law
of P (y, z, n + P (x, y, n)) is the same as that of P (y, z, n). Then, the last
relation and (3.11) give

p(x, z,Φ) ≤ p(x, y,Φ) + p(y, z,Φ) . (3.13)

We are now in a position to use the subadditive ergodic theorem to show
the existence of the time constant

κd = lim
t→∞

p(0, td,Φ)

t
,

where κd may depend on the unit vector d ∈ R2 representing the direction
in which the delay is measured. Here is the main result of this section.

Proposition 3.11. Consider the Poisson+Grid point process defined in Sec-
tion 3.2.1 with exponential fading F and with the path-loss function be given
by (3.1). Then, for all unit vectors d ∈ R2, the non-negative limit κd exists
and is P-a.s. finite. The convergence also holds in L1.

Notice that κd is not a constant. Indeed, the superposition of the point
processs Φ = ΦM and ΦG is ergodic but not mixing due to the fact that Φ is
a (stationary) grid. For d parallel to say the horizontal axis of the grid ΦG,
the limit κd will depend on the distance from the line {td : t ∈ R} to the
nearest parallel (horizontal) line of the grid ΦG, i.e. on the shift UG of the
grid. Here is a more precise formulation of the result.
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Proposition 3.12. Under the assumptions of Proposition 3.11, the limit
κd = κd(UG) is measurable w.r.t. the shift UG of the grid point process ΦG

and does not depend on the Poisson component ΦM of the point process Φ.
Moreover, the set of vectors d in the unit sphere for which κd(UG) is not
P-a.s. a constant is at most countable.

The last result on this case is:

Proposition 3.13. Under the assumptions of Proposition 3.11, suppose that
W is constant and strictly positive. Then E[κd] > 0.

Finally let us remark that the method used in this section cannot be used
in the case of the Poisson point process (without the addition of the grid
point process). The main problem is the lack of integrability of p(x, y,Φ)
as stated in the following result. Note however, that this does not imply
immediately that κd =∞.

Corollary 3.14. Under the assumptions of Proposition 3.6, E[p(x, y,Φ)] =
∞ for all x and y in R2.

3.4 Proofs

Consider the shortest path from (Xi, n) to (Φ \ {Xi})× Z. Let Ti(n) be the
number of edges (Xi, k), (Xi, k + 1) in this path such that ei(k) = 1. These
variables are the number of trials before the first exit form Xi at time n.
Obviously

Ti(n) ≤ Li(n) . (3.14)

We will also consider an auxiliary graph Ĝ, called the (space-time) Signal
to Noise Ratio (SNR) graph, defined exactly in the same manner as the SINR
graph G except that the variables SINRi,j(n) defined in (3.3) are replaced by
the variables

SNRi,j(n) =
Fi,j(n)/l(|Xi −Xj|)

Wj(n)
. (3.15)

Note that this modification consists in suppressing the interference term
Ii,j(n) in the SINR condition in (3.4). The edges of G form a subset of

the edges of Ĝ (both graph share the same vertexes), which will be denoted
by

G ⊂ Ĝ . (3.16)
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In what follows we will denote the delays, local delays, exit delays and num-
bers of trials related to Ĝ by P̂i,j(n), L̂i,j(n), L̂i(n) and T̂i(n), respectively.

The inclusion G ⊂ Ĝ implies immediately that P̂i,j(n) ≤ Pi,j(n) and the
same inequalities hold for the three other families of variables mentioned
above.

3.4.1 Proofs of Results of Section 3.3.2

Proof. (of Proposition 3.6) The inclusion (3.16) and the inequality (3.14)
yield

T̂i(n) ≤ Ti(n) ≤ Li(n) ,

which holds for all i, n. The results follow from the above inequalities and
the next lemma. �

Lemma 3.15. Under the assumptions of Proposition 3.6, P0{ T̂0(0) ≥ q } ≥
1/q for q large enough.

Proof. Under P0, denote by τk the k th time slot in {0, 1, . . .}, such that
e0(k) = 1. For all q ≥ 0 we have

P0{ T̂0(0) > q |Φ } = P0
{
∀0≤k≤q∀06=Xi∈Φ δ0,i(τk) = 0

∣∣∣Φ}
= P0

{
∀0≤k≤q∀06=Xi∈Φ ei(τk) = 1 or SNR0,i(τk) < T

∣∣∣Φ}
and by the conditional independence of marks given Φ

P0{ T̂0(0) > q |Φ } =
∏

06=Xi∈Φ

(
p+ (1− p)P{F < Tl(|Xi|)W}

)q
= exp

{
q
∑

06=Xi∈Φ

log
(
p+ (1− p)(1− e−µT l(|Xi|)W )

)}
,

where F,W are independent generic random variables representing fading
and thermal noise, independent of Φ, F is exponential with mean 1/µ, Using
the Laplace functional formula for Φ and the assumption that W > w a.s.
we have

P0{ T̂0(0) ≥ q } ≥ exp

(
−2πλ

∫
v>0

(
1−

(
1− (1− p)e−wµl(v)T

)q)
v dv

)
= exp

(
−πλ

∫
v>0

(1− (1− f(v))q) dv

)
, (3.17)
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where
f(v) := (1− p) exp(−Kvβ/2) and K = wµTAβ .

In what follows we will show that the expression in (3.17) is not smaller than
1/q for q large enough. To this regard denote by vq the unique solution of
f(v) = 1

q
. We have

vq =
1

A2 (µTw)2/β
(log(q(1− p)))2/β.

It is clear that f(v) tends to 0 when v tends to infinity and that vq tends
to infinity as q tends to infinity. Therefore, there exists a constant Q =
Q(µ,w,A, T ) <∞ such that for all q ≥ Q and for all v ≥ vq,

(1− f(v)) ≥ exp(−f(v)).

Hence, for all q ≥ Q,∫
v>0

(1− (1− f(v))q) dv ≤ vq +

∫ ∞
vq

(1− (1− f(v))q) dv

≤ vq +

∫ ∞
v=vq

(1− exp(−qf(v)) dv

≤ vq +

∫ ∞
vq

qf(v) dv

= vq +

∫ ∞
u=0

qf(u+ vq) du.

The third inequality follows from the fact that 1− exp(−x) ≤ x. Using now

the fact that (u+ vq)
β/2 ≥ u+ v

β/2
q (for q large enough, say again q ≥ Q) we

get that∫ ∞
u=0

qf(u+ vq) du =

∫ ∞
u=0

q(1− p) exp(−K(u+ vq)
β/2)) du

≤
∫ ∞
u=0

q(1− p) exp(−Ku−Kvβ/2q ) du =
1

K
,

since (1− p) exp(−Kvβ/2q ) = 1/q. Hence for q ≥ Q∫
v>0

(1− (1− f(v))q) dv ≤ vq +
α

K
.
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Also it is not difficult to see that β > 2 implies

vq ≤
log q

πλ
− 1

K
(3.18)

for q large enough. This implies for q large enough, say again q ≥ Q,

exp

(
−πλ

∫
v>0

(1− (1− f(v))q) dv

)
≥ exp

(
−πλ(vq + 1/K)

)
≥ 1

q
, (3.19)

which completes the proof. �

Proof. (of Proposition 3.8). Assume without loss of generality Y = 0 and
|X| = r. Under P, consider the point process Φ ∪ {X, 0} and its indepen-
dent marking. Given Φ, the r.v. LX,0(0) associated with the independently
marked point process Φ∪{X, 0} has a geometric distribution with parameter

πX,0(Φ) = p(1− p) Pr
{
F ≥ l(r)(W + I)

)}
,

where F,W, I are independent r.v.s, F,W are generic fading and noise vari-
ables and I =

∑
Xi∈Φ ei(0)Fi,0(0)/l(|Xi|). Using the exponential distribution

of F and the independence, we obtain

πX,0(Φ) = E[e−µl(r)TW ] E[e−µl(r)TI |Φ] .

The mean of the geometric r.v. is known to be EX,0[LX,0(0) |Φ] = 1/πX,0(Φ).
By unconditioning with respect to Φ, one obtains

EX,0[LX,0(0)] =
1

LW (µl(r)T )
E
[ 1

E[e−µl(r)TI |Φ]

]
.

The first factor in the above expression is obviously finite. In what follows
we will evaluate the second one.

By the conditional independence of marks and denoting by LeF (·) is the
Laplace transform of eF , where e, F are independent generic variables for
ei(0) and Fi,0(0) we have

(
E
[
e−µl(r)TI |Φ]

])−1

=

(
E

[
exp
(
−µl(r)T

∑
Xi∈Φ

ei(0)Fi,0(n)/l(|Xi|)
) ∣∣∣Φ])−1

= exp

(∑
Xi∈Φ

logLeF
(
µT l(r)/l(|Xi|)

))
.

39



Note that LeF (ξ) = 1− p+ pLF (ξ) = 1− p+ pµ/(µ+ ξ). Using this and the
Laplace functional formula for Φ, (cf. [15, Eq. 9.4.17]) we obtain

E
[ 1

E[e−µl(r)TI |Φ]

]
= exp

{
2πpλ

∫ ∞
0

vT l(r)

l(v) + (1− p)T l(r)
dv

}
.

(cf. (3.2) Using now the fact that for the Poisson point process, M̆[2](dx) =
λdx), it is now easy to see that for any path-loss function satisfying∫ ∞

ε

v/l(v) dv <∞,

the integral in the exponent of the last expression is finite. This completes
the proof. �

Proof. (of Proposition 3.10). Using the the inclusion (3.16), inequality (3.14)
and the left-hand side of (3.6) and we have

T̂i(n) ≤ Ti(n) ≤ Li(n) ≤ Pi,j(n) .

Thus, it is enough to show

lim
|X−Y |→∞

EX,Y [T̂X(0)]

|X − Y |
=∞ .

Without loss of generality assume X = 0 and |Y | = r. Using the same
arguments as in the proof of Lemma 3.15 and the representation (3.7) of the
Palm probability with respect to Poisson point process, we obtain

P0,Y { T̂0(0) > q |Φ }

≥
∏

0,Y 6=Xi∈Φ

(
p+ (1− p)P{F < Tl(|Xi|)W}

)q
×
(
p+ (1− p)P{F < Tl(|Y |)W}

)q
≥ exp

(
−πλ

∫
v>0

(1− (1− f(v))q) dv

)
α(r)q ,

where α(r) = 1 − (1 − p)e−wµAαTrβ . Using (3.19), which holds for large q,
more precisely q > Q = Q(µ,w,A, T ), we obtain

E0,Y [T̂0(0)]

r
≥ 1

r

∑
q>Q

α(r)q

q
.
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It is now easy to see that

lim
r→∞

1

r

∑
q>Q

α(r)q

q
=∞.

�

3.4.2 Proofs of Results of Section 3.3.3

Denote by Bx(R) the ball centered at x ∈ R2 of radius R. Similarly as for
the delays, we extend the definition of the local delays to arbitrary pairs of
points x, y ∈ R2 by taking L(x, y, n) = LX(x),X(y)(n). We first establish the
following technical result:

Lemma 3.16. Under the assumptions of Proposition 3.11 let Xi, Xj ∈
Φ ∩ B0(R) for some R > 0, where Φ = ΦM + ΦGs . Then the conditional
expectation of the local delay Li,j(0) given Φ satisfies

E[Li,j(0) |Φ] =
1

p(1− p)LW (TµAβ|Xi −Xj|β)

× exp
{
−

∑
Φ3Xk,k 6=i,k

logLeF ′
(T |Xi −Xj|β

|Xj −Xk|β
)}

(3.20)

and also

E[Li,j(0) |Φ]

≤ 1

p(1− p)LW (Tµ(A2R)β)

×e−49 log(1−p)+(2R)βpTC(s,β) (a)

×e−ΦM (B0(2R)) log(1−p) (b)

× exp
{
−

∑
Xk∈ΦM ,|Xk|>2R

log
(

1− p+
p(|Xk| −R)β

(|Xk| −R)β + T (2R)β

)}
, (c)

where C(s, β) <∞ is some constant (which depends on s and β but not on
Φ), F ′ is an exponential random variable of mean 1 and LeF ′(·) is the Laplace
transform of eF ′.
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Proof. We first prove the equality in (3.20). When using the independence
assumptions, we have

P {Li,j(0) > m | Φ }
= P { ∀mn=1 (ej(n) = 1 or

ej(n) = 0 and ei(n)Fi,j(n) ≤ T l(|Xi −Xj|)(Wj(n) + Ii,j(n)))}

=
m∏
n=1

(
p+ (1− p)

(
1− p+ p

(
1− LW (TµAβ|x− y|β)

×
∏

Φ3Xk,k 6=i,j

LeF ′
(T |Xi −Xj|β

|Xj −Xk|β
))))

.

The result then follows from the evaluation of

E [Li,j(0) | Φ] =
∞∑
m=0

P {Li,j(0) > m | Φ] .

The bound |Xi − Xj| ≤ 2R used in the Laplace transform of W leads
to the first factor of the upper bound. We now factorize the exponential
function in (3.20) as the product of three exponential functions

α := exp
{
−

∑
ΦGs3Xk,k 6=i,j

}
,

β := exp
{
−

∑
ΦM3Xk,k 6=i,j|Xk|≤2R

}
,

γ := exp
{
−

∑
ΦM3Xk,|Xk|>2R

}
.

Next we prove that the last three exponentials are upper-bounded by (a),
(b) and (c) in (3.20), respectively.

(a) We use |Xi −Xj| ≤ 2R and Jensen’s inequality to get

logLeF ′
(T |Xi −Xj|β

|Xj −Xk|β
)
≥ logLeF ′

( T (2R)β

|Xj −Xk|β
)

≥ −T (2R)βE[eF ′]

|Xj −Xk|β

= −pT (2R)β|Xj −Xk|−β .
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We now prove that ∑
ΦGs3Xk:|Xj−Xk|>3

√
2s

|Xj −Xk|−β ≤ C(s, β),

for some constant C(s, β). This follows from an upper-bounding of
the value of |Xj −Xk|−β by the value of the integral 1/s2

∫
(|Xj − x| −√

2s)−β dx over the square with corner points Xk, Xk+(s, 0), Xk+(0, s)
and Xk + (s, s). In this way we obtain∑

ΦGs3Xk:|Xj−Xk|>3
√

2s

|Xj −Xk|−β

≤ 1

s2

∫ ∞
|x−Xj |>2

√
2s

(|Xj − x| −
√

2s)−β dx

=
2π

s2

∫ ∞
√

2s

t+
√

2s

tβ
dt =: C(s, β) <∞ .

Combining this and what precedes, we get that

exp

− ∑
Xk∈ΦGs ,|Xj−Xk|>2

√
s

logLeF ′
(T |Xj −Xi|β

|Xj −Xk|β
)

≤ exp(T (2R)βC(s, β)).

We also have

logLeF ′
( T (2R)β

|y −Xi|β
)
≥ logLeF ′(∞) = log(1− p) ,

for all Xk ∈ ΦGs and in particular for |Xj − Xk| ≤ 3
√

2s. Hence we
obtain

exp{−
∑

Xk∈ΦGs

(. . . )} ≤ e−49 log(1−p)+T (2R)βC(s,β) ,

where 49 upper-bounds the number of points Xk ∈ ΦGs such that
|Xj −Xk| ≤ 3

√
2s.

(b) Using the bound |Xj − Xi| ≤ 2R and the inequality logLeF ′(ξ) ≥
logLeF ′(∞) = log(1− p), we obtain

exp{−
∑

ΦM3Xk,k 6=i,j,|Xi|≤2R

(. . . )} ≤ e−ΦM (B0(2R)) log(1−p) .
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(c) Using the bounds |Xj − Xi| ≤ 2R and |Xj − Xk| ≥ |Xk| − R (the
latter follows from the triangle inequality) and the expression LeF ′(ξ) =
1− p+ p

1+ξ
, we obtain

exp
{
−

∑
ΦM3Xk,|Xk|>2R

(. . . )
}

≤ exp
{
−

∑
Xk∈ΦM ,|Xk|>2R

log
(

1− p+
p(|Xk| −R)β

(|Xk| −R)β + T (2R)β

)}
.

This completes the proof.

�

We can now prove the following auxiliary result.

Lemma 3.17. Under the assumptions of Proposition 3.11 for all points x, y
of R2,

E

[
sup

x1,y1∈[x,y]

p(x1, y1,Φ)

]
<∞ ,

where the supremum is taken over x1, y1 belonging to the interval [x, y] ⊂ R2.

Proof. Without loss of generality, we assume that (x+ y)/2 = 0 is the origin
of the plane. Let B = B0(R) be the ball centered at 0 and of radius R such
that no modification of the points in the complement of B modifies X(z) for
any z ∈ [x, y] (recall that X(z) is the point of Φ which is the closest from
z). Since Φ = ΦM + ΦGs , with ΦGS the square lattice point process with
intensity 1/s2, it suffices to take R = |u− v|/2 +

√
2s. Let B′ = B0(2R). By

the above choice of B and the inequality (3.6) we have for all x1, y1 ∈ [x, y]

P (x1, y1, 0) ≤
∑

Xi,Xj∈Φ∩B

Li,j(0)

and consequently

sup
x1,y1∈[x,y]

p(x1, y1,Φ) ≤
∑

Xi,Xj∈Φ∩B

E[Li,j(0) |Φ] .
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Using the result of Lemma 3.20 we obtain

sup
x1,y1∈[x,y]

|p∗(x1, y1,Φ)|

≤ e−49 log(1−p)+(2R)βpTC(s,β)

p(1− p)LW (TµA(2R)β)

× exp
{
−

∑
Xk∈ΦM ,|Xk|>2R

log
(

1− p+
p(|Xk| −R)β

(|Xk| −R)β + T (2R)β

)}
×
(

ΦM(B) + π(R +
√

2s)2/s2
)
e−ΦM (B′) log(1−p) ,

where π(R +
√

2s)2/s2 is an upper bound of the number of points of ΦGs

in B. The first factor in the above upper bound is deterministic. The two
other factors are random and independent due to the independence property
of the Poisson point process The finiteness of the expectation of the last
expression follows from the finiteness of the exponential moments (of any
order) of the Poisson random variable ΦM(B′). For the expectation of the
second (exponential) factor, we use the known form of the Laplace transform
of the Poisson SN to obtain the following expression

E
[
exp
{
−
∑

(. . . )
}]

= exp

{
2πpλM

∫ ∞
R

T (2R)β

vβ + (1− p)T (2R)β
(v +R) dv

}
<∞ .

�

Proof of Proposition 3.11. The existence and finiteness of the limit κd follows
from the subadditivity (3.13) and Lemma 3.17 by the continuous-parameter
sub-additive ergodic theorem (see [36, Theorem 4]). �

Proof of Proposition 3.12. First, we prove the second statement; i.e., that κd

is constant for all d in the unit sphere off some countable subset. Note that
the point process Φ is ergodic as the independent superposition of mixing
Poisson point process ΦM and ergodic grid process ΦG. This can be eas-
ily proved using e.g. the respective characterisations of above properties by
means of Laplace transforms of point process (see [15, Prop. 12.3.VI]). From
the ergodicity of Φ we cannot conclude the desired property for any vector d
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since the limit κd = κd(Φ) is not necessarily invariant with respect to transla-
tions of Φ by any vector x ∈ R2 but only x = αd for any scalar α ∈ R. The
announced result follows from [49, Th. 1].

For the first statement, consider a product space with on which two inde-
pendent point processs (ΦM ,ΦG) are defined. Fix some vector d and define
the operator T = T1 × T2 on this product space as the product of two op-
erators, which correspond to the shift in the direction d, of ΦM and ΦG

respectively. The σ-field invariant with respect to T is the product of the
respective σ-fields invariant with respect to T1 and T2. The latter is trivial
since ΦM is mixing (as a Poisson point process). Consequently every function
of (ΦM ,ΦG) that is invariant with respect to the shift in the direction d of
its first argument (ΦM) is a.s. constant. This concludes the proof that κd is
constant in ΦM and thus depends only on UG. �

Proof. (of Proposition 3.13) For a given path σ = {(X0, n0), (X1, n0 +1), . . . ,
(Xk, n0 + k)} on G denote by |σ| =

∑k
i=1 |Xi −Xi−1| the Euclidean length

of the projection of σ on R2; let us call it Euclidean length of σ for short and
recall that the (graph) length of σ is equal to k. For fixed ε > 0 and all n ≥ 1
denote by Π(n) = Πε(n) the event that there exists a path on G starting at
(X(0), 0) that has (graph) length n and Euclidean length larger than n/ε.

Assume E[κd] = 0. We show first that this implies that for any ε > 0,
P0-a.s. the event Πε(n) holds for infinitely many n

P0
{ ⋂
n≥1

⋃
k≥n

Πε(k)
}

= 1 . (3.21)

Indeed, E[κd] = 0 implies κd = 0 P-a.s. and by Palm-Matthes definition of
the Palm probability P0-a.s. as well. This means that E0[P (0, td, 0) |Φ]/t→
0, when t→∞, which implies that

lim
k
P (0, tkd, 0)/tk → 0 (3.22)

P0-a.s. for some subsequence {tk : k ≥ 1}, with limk tk = ∞. Recall that
P (0, tkd, 0) is the length of a shortest path from (X(0), 0) (with X(0) = 0
under P0) to {(X(tkd), n) : n ≥ 0}. Denote one of such shortest paths by σk.
By the triangle inequality its Euclidean length satisfies

|σk| ≥ |0−X(tkd)| ≥ tk −
√

2s . (3.23)
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From (3.22) and (3.23) one concludes that for any ε > 0 and k large enough
the length of the path σk is smaller than ε time its Euclidean length |σk|.
Now, (3.21) follows from the fact that the length of the path σk tends to
infinity with k, which is a consequence of tk →∞ and the local finiteness of
the graph G (cf Corollary 3.3).

We conclude the proof by showing that for ε small enough,∑
n

P0{Πε(n)} <∞ , (3.24)

which by the Borel–Cantelli lemma implies that Π(n) holds P0-a.s. only for
a finite number of integers n and thus contradicts to (3.21). To this regard
assume constant W = w > 0 and let Pnw denote the set of paths σ of G of
length n, originating from (X(0) = 0, 0). Denote also by Pn0 the analogous
set of paths on the graph constructed under assumption W = 0. Note that
by monotonicity,

Pnw ⊂ Pn0 . (3.25)

By the definition

P0{Πε(n) |Φ } = P0
(⋃

σ

{
σ ∈ Pnw and |σ| ≥ n/ε

} ∣∣∣Φ) , (3.26)

where the sum bears on all possible n-tuples σ = ((Xj1 , 1), . . . , (Xjn , n)),
with Xji ∈ Φ. From this we have

P0(Πε(n) |Φ) (3.27)

≤
∑
σ

P0
{
σ ∈ PnW , |σ| ≥ n/ε

∣∣∣Φ}
=

∑
σ

P0
{
σ ∈ PnW , |σ| ≥ n/ε

∣∣∣Φ, σ ∈ Pn0 }P0{σ ∈ Pn0 |Φ}

≤ E0[Hout,n;W=0
0 (0) |Φ] sup

σ
P0
{
σ ∈ PnW , |σ| ≥ n/ε

∣∣∣Φ, σ ∈ Pn0 },
whereHout,n;W=0

0 (0) denotes the number of paths of length n originating from
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(X0 = 0, 0) under the assumption W = 0. But

sup
σ

P0
{
σ ∈ Pnw, |σ| ≥ n/ε

∣∣∣Φ, σ ∈ Pn0 }
≤ sup

σ=((Xj1
,1),...,(Xjn,n))∑n

i=1
|Xji−Xji−1

|≥n/ε

E0
[ n∏
i=1

δji−1,ji(i− 1, w)
∣∣∣Φ, σ ∈ Pn0 ],

where Xj0 = 0 and δji−1,ji(i − 1, w) = δji−1,ji(i − 1) is the indicator of the
existence of the edge from (Xji−1

, i − 1) to (Xji , i) defined by (3.4), and
where we add in the notation the dependence on the noise W = w. Using
the conditional independence of marks, (3.4), (3.3) and lack of memory of
the exponential distribution of F of parameter µ we have for the path-loss
function (3.1)

E0
[ n∏
i=1

δji−1,ji(i− 1, w)
∣∣∣Φ, σ ∈ Pn0 ]

=
n∏
i=1

E0
[
δji−1,ji(i− 1, w)

∣∣Φ, δji−1,ji(i− 1, 0) = 1
]

=
n∏
i=1

exp
(
−µ(A|Xji−1

−Xji |)βTw
)
.

Hence

sup
σ

P0
{
σ ∈ Pnw, |σ| ≥ n/ε

∣∣∣Φ, σ ∈ Pn0 } ≤ exp
(
−µAβTwnε−β

)
,

where the last inequality follows from a convexity argument. Using this and
(3.27), we get

E0(Πε(n)) ≤ E0[Hout,n;W=0
0 (0)] exp

(
−µAβTwnε−β

)
≤ ξn exp

(
−µAβTwnε−β

)
≤ exp

(
n(log(ξ)−K/εβ)

)
,

where in the second inequality we used the following result of Corollary 3.3

E0[Hout,n;W=0
0 (0)] = hout,n;W=0 = hin,k,W=0 ≤ ξk

and where K is a positive constant. This shows (3.24) for ε small enough,
and thus concludes the proof. �
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Proof. (of Corollary 3.14) Without loss of generality assume x = 0. We use
the left inequality in (3.6), (3.14) and the inclusion (3.16) to obtain

PX(0),X(y)(0) ≥ LX(0)(0) ≥ TX(0)(0) ≥ T̂X(0)(0)

and in consequence
p(0, y,Φ) ≥ E[T̂X(0)(0) |Φ] .

Using the isotropy and the strong Markov property of the Poisson point
process

E[T̂X(0)(0) |Φ] = E0[T̂0(0) |Φ|B)] ,

Φ|B) is the restriction of Φ to the complement of the open ball B = B(0,R)(R),
centered at (0, R) of radius R ≥ 0, where R is r.v. independent of Φ and
having for density

dθ

2π
2πλr exp(−λπr2) .

But since we consider here the SNR graph Ĝ

E0[T̂0(0) |Φ|B)] ≥ E0[T̂0(0) |Φ] .

The result follows now from Lemma 3.15. �

3.5 SINR Space-Time Graph and Navigation

It makes sense to assume that any navigation algorithm builds paths on G.
This takes two key phenomena into account: contention for channel (nodes
have to wait for some particular time slots to transmit a packet) and colli-
sions (lack of capture due to insufficient SINR).

As we saw in Section 2.1.2, when the root of the radial navigation tends
to infinity in direction u, the radial navigation tends to the directional navi-
gation. In this section, we show the convergence of the directional navigation
on the Poisson point process when the thermal noise W is bounded from be-
low by a positive constant, i.e. for all u ∈ S1, almost surely, the directional
navigation goes to infinity in direction u. Since the Poisson point process is
isotropic, without loss of generality, we can assume u = (1, 0) and we have
to show the directional navigation passes every vertical line.
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Lemma 3.18. Let the realization of the point process be given. Assume
X0 = (x0, y0) is a point of the point process in the strip m ≤ x ≤ m+ 1 (i.e.
m ≤ x0 ≤ m+ 1). Also assume there exist integers n and q such that y0 < n
and there is no point of the point process in [m,m + 1] × [n, n + q]. If W
is bounded from below by some positive constant δ, then at any time slot,
the probability of the existence of an edge from X0 to a point of the point
process in the half strip S = [m,m+ 1]× [n+ q,∞) is bounded from above
by

C1 exp(−C2l(q + d)), (3.28)

where d = n − y0, C1 and C2 are some constants and l is the path-loss
function.

Proof. Let assume {Xi = (xi, yi)}i∈N are the points of the point process in S
which are sorted in increasing order with respect to their second coordinate.
Let P [X0 → Xn] denote the probability of having a channel from X0 to Xn.
Let di = |Xi −X0| and dj,i = |Xi −Xj| using the above assumptions. One
can easily show that,

di > dj,i, (3.29)

for i > j > 0. So by ignoring the effect of the interference of the points other
than {X1, . . . Xn} on the existence of the channel between X0 and Xn+1 and
using (3.29) one has

P [X0 → Xn+1] ≤ p(1− p)
n∑
i=0

(
n

i

)
pi(1− p)n−iPi

where

Pi = P

[
F

(i)
0

l(dn+1)
≥ TW + T

F
(i)
1 + F

(i)
2 + · · ·+ F

(i)
i

l(dn+1)

]

and F
(i)
j are i.i.d. exponential random variables with the same law as the
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general fading.

Pi ≤ P

[
F

(i)
0

l(dn+1)
≥ Tδ + T

F
(i)
1 + F

(i)
2 + · · ·+ F

(i)
i

l(dn+1)

]

= e−µTδl(dn+1)

∫ ∞
0

· · ·
∫ ∞

0

e−µT (s1+···+si)µie−µTs1 . . . e−µTsids1 . . . dsi

≤ e−µTδl(dn+1)

∫ ∞
0

· · ·
∫ ∞

0

µie−µ(T+1)(s1+···+si)ds1 . . . dsi

=
e−µTδl(d+q)

(T + 1)i
.

Let C2 = µTδ.

P [X0 → Xn+1] ≤ p(1− p)e−C2l(d+q)

n∑
i=0

(
n

i

)
pi(1− p)n−i 1

(T + 1)i

= p(1− p)e−C2l(d+q)

(
1− p+

p

T + 1

)n
= p(1− p)e−C2l(d+q)

(
1− pT

T + 1

)n
.

Therefore

P [X0 → S] ≤
∞∑
n=0

p(1− p)e−C2Mβ

(
1− pT

T + 1

)n
=

(1− p)(T + 1)

T
e−C2Mβ

where P [X0 → S] denotes probability of existence of an edge from X0 to the
half strip S. To complete the proof of the proposition it is enough to define

C1 =
(1− p)(T + 1)

T
.

�

For a realization of the point process we say that an ordered pair of in-
tegers (m,n) has the L-property if there is no point of the point process in
[m,m+ 1]× [n, n+ 3] and there is exactly one point of the point process in
[m + 1,m + 2] × [n, n + 1]. Denote the unique point of the point process in
[m + 1,m + 2] × [n, n + 1] by Ym,n. We call this the L-property, because of
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the L-shape of the region [m,m+ 1]× [n, n+ 3]∪ [m+ 1,m+ 2]× [n, n+ 1]).
Lm,n denotes the event that (m,n) has the L-property. Obviously the condi-
tional expectation of the Shot-Noise at point Ym,n on the event Lm,n is less
than the expectation of the Shot-Noise under the Palm probability. Hence
there exists a positive number K such that almost surely, for each integer
m, there exist infinite positive integers and infinite negative integers n such
that (m,n) has L-property and the expectation of the Shot-Noise at Ym,n is
less than K. Sm,k = Sm,k(ω) (k ∈ Z) denotes the l-th integer n such that
(m,n) satisfies the mentioned condition (Sm,1 is the smallest positive integer
n where (m,n) satisfies the desired condition).

Event Cm,k: The directional algorithm has an edge say (Xt → Xt+1) =
((xt, yt) → (xt+1, yt+1)) such that xt, xt+1 ∈ [m,m + 1] , Sm,k ∈ [yt, yt+1]
and k is the smallest integer with this property (i.e. at a time slot say t,
the directional path passes the L-shape with lower left coordinates (m,Sm,k)
while its both ends belong to the strip [m,m + 1] × R and this L-shape is
the lowest L-shape with this property.

Event Dm,k: The directional algorithm has an edge say (Xt → Xt+1) =
((xt, yt)→ (xt+1, yt+1)) such that xt ∈ [m,m+ 1] and (xt+1, yt+1) = Pm,Sm,k .

Lemma 3.19. There exist a constant α > 0 such that

P [Dm,k] ≥ αP [Cm,k] . (3.30)

Proof. Fix a realization of the point process and let Xt = (xt, yt) denote the
coordinates of the path at time t. We assume yt < Sm,k (proof for the case
yt > Sm,k is completely similar). We will show that if xt ∈ [m,m + 1] the
probability of going from (xt, yt) to Pm,Sm,k is greater than α times of the
probability of going from Xt to half strip S = [m,m + 1] × [Sm,k + 3,∞).
Clearly this statement gives the proof of the lemma. From (3.28) we have an
upper bound on P [Cm,k]. So we start with finding a lower bound for P [Dm,k].
Let d = Sm,k − yt. So

|Xt − Pm,sm,k | < d+
√

5 < d+ 3
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and therefore

P
[
Xt → Pm,Sm,k

]
= P

[
F

l(|Xt − Pm,Sm,k |)
> T

(
IXt(Pm,Sm,k) +W

)]
≥ P

[
F

l(|Xt − Pm,Sm,k |)
> ρ|ρ > T

(
IXt(Pm,Sm,k) +W

)]
×P
[
ρ > T

(
IXt(Pm,Sm,k) +W

)]
≥ exp(−µρl(d+ 3))×

(
1− T

ρ
EIXt(Pm,Sm,k) +W

)
≥ exp(−µρl(d+ 3))×

(
1− T

ρ
(K + w)

)
where w = EW . Hence for large enough ρ one has

P
[
Xt → Pm,Sm,k

]
≥ C3 exp(−C4l(d+ 3)) (3.31)

where C3 and C4 are positive constants.
Combining this result with the bound (3.28) one has

P
[
Xt → Pm,Sm,k

]
P [Xt → S]

≥ C3 exp(−C4l(d+ 3))

C1 exp(−C2l(d+ 3))
=
C3

C1

e(C2−C4)l(d+3).

By assuming ρ be large enough one has C4 > C2 and hence

P
[
Xt → Pm,Sm,k

]
P [Xt → S]

≥ C3

C1

e(C2−C4)l(3).

So it is enough to define

α =
C3

C1

e(C2−C4)l(3).

�

Proposition 3.20. The directional navigation (in direction (1, 0)) on the
Poisson point process converges, i.e. it passes all vertical lines almost surely.

Proof. Assume there exists an integer m such that the probability of be-
ing trapped between lines x = m and x = m + 1 is nonzero. Since the
directional algorithm progresses with probability one, this means that with
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positive probability, Cm,k occurs for infinitely many k-s. Hence using the
Borel-Cantelli lemma, ∑

l

P [Cm,k] =∞

and hence using Lemma 3.19 we have∑
l

P [Dm,k] =∞.

But it is obvious for a fixed m, the Dm,k-s are disjoint and so∑
l

P [Dm,k] ≤ 1

which contradicts our assumption. �

3.6 Conclusion

Our time constant gives bounds on the delays that can be attained in the
network by any navigation algorithm. Of course, realistic navigation poli-
cies cannot use information about future channel conditions. In the case of
Poisson point process, there is hence no routing algorithm with a finite time
constant. The existence of such an algorithm in the case of the Poisson+Grid
point process remains an open question. In the Poisson point process case,
one can ask about the exact asymptotic of the optimal delay (we know it is
not linear) and of the delay realizable by some non-anticipating algorithm.

Let us discuss now the relation of our results to those obtained in [24,
31]. In these papers the so called delay-tolerant networks are considered
and modeled by a spatial SINR or signal-to-noise ratio (SNR) graph with
no time dimension. In these models, the time constant (defined there as
the asymptotic ratio of the graph distance to the Euclidean distance) is
announced to be finite, even in the pure Poisson case. For the different
performance of these models, there are two reasons. Firstly, in order to
model motion, these papers resample the point process at each time step
and secondly they do not take into account the time required for a successful
transmission from a given node in the evaluation of the end-to-end delay.
The heavy-tailness of this time (which follows from that of the exit time (cf.
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Proposition 3.6) makes the time constant infinite in the space-time Poisson
scenario. The reason for the heavy-tailness of the successful transmission time
is linked to the so called “RESTART” algorithm (see e.g. [2, 32, 33, 34]). In
our case the spatial irregularities in the ad-hoc network play a role similar
to that of the file size variability in the RESTART scenario.
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Chapter 4

Point-Map Palm Measures

4.1 Introduction

By a counting measure on Rd, we mean a multi-subset of Rd, i.e. a sub-
set such that each of its elements has a positive integer multiplicity. The
support of the counting measure is the same set after reduction of the multi-
plicities of all points to one. The latter should have no accumulation point.
The counting measure is simple if it is the support of some counting measure.

A compatible point-map on the set of counting measures is a mapping on
discrete multi-subsets of Rd: to each point of the discrete set, it associates
another point of the same set, carrying the multiplicity; compatibility means
that the image of a point depends only on the support of the counting mea-
sure “seen from” (i.e. shifted to) this point.

Whenever a compatible point-map is bijective on almost all simple count-
ing measures, the point process remains unchanged under its action. This
implies that if Φ is a simple point process on Rd, this point process, and hence
its law, remain unchanged under the action of the bijective point-map. It
follows that the Palm version of any stationary point process is left invariant
by the action of such a compatible and bijective point-map.

This chapter is focused on the case of a not necessarily bijective point-map
f . Its goal is to associate, to any stationary point process Φ, a companion
point process with an almost sure mass at zero and with a law which is in-
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variant under the action of f . We introduce the notion of Point-map Palm
(or here f -Palm) version of the point process Φ, which satisfies the desired
invariance property when it exists and we give sufficient conditions for it to
exist.

When f is bijective, the f -Palm version of the point process Φ is its Palm
version. The point y is a f -pre-image of the point x, if there exists n ∈ N
such that fn(y) = x. When, almost surely, the point process contains no
point with infinitely many f -pre-images, in contrast with the case where f
is bijective, the f -Palm version of the point process is not the Palm version
of any point process.

This chapter is organized as follows. In Section 4.2 we introduce the
notion of compatible point-maps. In Section 4.3 we introduce point-maps
Palm probabilities. In Section 4.4 we formalize the notion of point-map-
invariance and we give a sufficient condition for the existence of a limit for
the sequence of Palm probabilities. In Section 4.5 we consider point-maps
on the Poisson point process. We describe the notion of stabilizing point-
map which formalizes the locality of a point-map and using an example we
describe a method to show the existence of the point-map Palm probability
for a class of point-maps on the Poisson point process.

4.2 Compatible Point-Map

A simple point-map is a measurable function f which is defined for all pairs
(φ, x), where φ ∈ N and x ∈ φ, and satisfies the relation

f(φ, x) ∈ φ.

If f is a simple point-map, it extends naturally to a point-map f defined for
all pairs (φ, x) of the form φ ∈ N and x ∈ φ by

f(φ, x) = f(φ, x)

and by carrying the multiplicity of x in φ to the point f(φ, x). In order to
define the notion of compatible point-maps it is more convenient to define it
through the notion of point-map kernel.
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We denote by NO (respectively, N
O

) the set of all elements of N (re-
spectively, N) which contain the origin, i.e., for all φ ∈ NO (respectively,

φ ∈ N
O

), one has O ∈ φ.

A measurable function g from the set N
O

to Rd is called simple deter-

ministic point-map kernel if for all φ in N
O

, g(φ) belongs to φ. All simple
deterministic point-map kernel g extend, naturally to a deterministic point-
map kernel g from NO to multi-subsets of Rd by

g(φ) = g(φ)

and by carrying the multiplicity of x in φ to the point g(φ). It is easy to
verify that the measurability of g implies the measurability of g.

If g is a deterministic point-map kernel, the associated Deterministic
Compatible Point-Map or DCPM, fg, is a function which is defined for all
pairs (φ, x), where φ ∈ N and x ∈ φ, as

fg(φ, x) = g(θxφ) + x,

where θxφ is defined in (1.5). We assume fg(φ, x) has the same multiplicity
as the origin in θxφ. fg is called compatible because it is compatible with
shifts of Rd; i.e.

f(θt(φ, x)) = f(θtφ, x− t) = g(θx−t(θtφ)) + x− t
= g(θxφ) + x− t = f(φ, x)− t = θt(f(φ, x)). (4.1)

On the other hand, it is easy to see that if the (measurable) point-map f
is compatible, in the sense of (4.1), then there exists a unique deterministic
point-map kernel g : NO → Rd, which defined as g(φ) = f(φ,O), such that
f = fg. Therefore there is a one-to-one correspondence between DCPMs and
deterministic point-map kernels.

In several applications, it is easier to denote the point-map (not neces-
sarily compatible) f(φ, x) as an operator fφ on φ where

fφ(x) = f(φ, x).

In this work we use either of these notations according to the context. Ac-
cording to the operator notation, for all multi-subsets ψ of Rd, where ψ ⊂ φ
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we denote by fφ(ψ) the multi-set

fφ(ψ) = {fφ(x);x ∈ ψ}.

Therefore if (Φ,P) is a point process and Ψ is another point process, which
its support is a subset of Φ, (fΦΨ) is a point process defined as

(fΦΨ)(ω) := fΦ(ω)(Ψ(ω)). (4.2)

The image of the point process Φ under the point-map f is the point process
(fΦΦ,P) and consistently with (4.2), we can define the n-th image of the point
process Φ under the point-map f inductively as

fnΦΦ = fΦ(fn−1
Φ Φ).

Remark 4.1. It is clear from compatibility of f that for all t ∈ Rd

fθtΦ(θtΦ) = θt(fΦΦ).

According to the literature of the navigations, if f is a point map, the
sequence {fnφ (x)}∞n=0 will be referred to as the route originating from x.

A DCPM is called deterministic, because of the fact that when it acts
on a point process, the image of all points depends only on the realization
of the point process. In Section 5 we will also discuss stochastic point-maps
where given the realization of the point process, the image of the points of
the point process are still random.

Lemma 4.2. If f is a DCPM on a stationary point process (Φ,P), then for
all natural numbers n, the point process (fnΦΦ,P) is also stationary and of
intensity λ, the intensity of (Φ,P).

Proof. Consider n = 1. fΦΦ : Ω → N is measurable. So we only need to
show that fΦΦ is compatible. But

(fΦΦ) ◦ θt = fΦθt(Φθt) = fθtΦ(θtΦ) = θt(fΦΦ),

where the first equation is because of (4.2), the second one results from the
compatibility of Φ and the last one from Remark 4.1. Proving the statement
for other values of n is straight forward by induction on n.

The preserve of the intensity, is an immediate consequence of the fact
that point-maps carry the multiplicities. �
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Below, we redefine the directional navigation point-map exactly and we
describe how we deal with the case of non-uniqueness and non-existence.

Example 4.3 (Directional Navigation Point-Map). Fix a unit vector u in Rd.
fu, the directional point-map with respect to u, is a point-map which maps
each point of the point process to the nearest point of the point process in
the direction u, i.e. for all x ∈ φ

fu(φ, x) := argmin{|y − x|; y ∈ φ, (y − x) · u > 0}, (4.3)

where the RHS is equal to the point y for which we have the minimum value
of |y − x|. Since a point process has no accumulation point, if there exists
y which (y − x) · u > 0, the minimum value will be achieved; however in
the general case, it is possible that the minimum will be achieved for more
than one point. In this case we will choose the point with the largest angle
α between y−x and u which from the condition (y−x).u > 0 we know that
−π/2 < α < π/2. Also if there is no point in the set on the RHS of (4.3) we
define fu(φ, x) := x. Using these conventions, directional point-map is well
defined and it is easy to verify that fu is a DCPM.

Directional navigation with deviation limit α, fu,α, is similar to the direc-
tional navigation, but the point y will be chosen in the cone with angle 2α
and central direction u rather than in the half plane; i.e.

fu,α(φ, x) := argmin{|y − x|; y ∈ φ, (y − x)

|y − x|
· u > cosα}. (4.4)

When α = π
2
, fu,α = fu. �

Example 4.4 (Strip Routing Point-Map). For all points x = (x1, x2) in the
plane, let St(x) denote the half strip (x1,∞)×[x2−1, x2+1]. Assume f s(x) is
the left most point of St(x) where we choose the largest second coordinate in
the case of non-uniqueness. If such a point does not exist, we take f s(x) = x.
It is easy to verify that f s is a DCPM and we call it strip routing point-map.

Definition 4.5 (Traplike Routing Point-Map). We say a point-map is trap-
like if for ΦP-almost all φ, f(φ, .) is trapped after some steps, i.e. for all
x ∈ φ there exist an integer M = M(φ, x) where for all m > M , fm(φ, x) =
fM(φ, x). We call a traplike point-map, uniformly traplike if there exists a
constant integer M such that for ΦP almost all φ, M > sup{M(φ, x)|x ∈ φ}.
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Example 4.6. For a given vector u in Rd and positive real number r, we
define Hr

u(x) for all x ∈ Rd as follow:

Hr
u(x) = {y ∈ Br(x), (y − x) · u > 0}

where Br(x) is the disk of radius r around x. The greedy directional point-
map with direction u and radius r is

gru(φ, x) :=

{
argmax{(y − x).u; y ∈ φ ∩Hr

u(x)} if Hr
u(x) 6= ∅

x otherwise.
(4.5)

In the first case if there are more than one point satisfy the condition we
choose one of them in the same way as Example 4.3. It is easy to verify that
gru is a DCPM. Also it is easy to verify that gru on the Poisson point process,
is a traplike (but not uniformly traplike) point-map.

4.3 Point-Map Palm Probabilities

In this section we focus on point processes on the canonical space.

In Section 1.3.1, we saw the definition of the Palm probability for a sta-
tionary point process on the canonical space. In (1.7), the realization φ

occurs twice. The first one is when we choose a point in φ ∩ B̃ to select the
typical point. The second one is in θtφ, when we look at the point process
from the selected point t. We can replace each of these occurrences with
some other flow-adapted point process, for instance obtained from a DCPM.

If we replace the second occurrence by θt(fφ(φ)), we see the image of the
point process under the action of the DCPM when looking from a typical
point:

1

λ||B||

∫ ∑
t∈φ∩B̃

1{θt(fφφ) ∈ F}P(dφ) =
1

λ||B||

∫ ∑
t∈φ∩B̃

1{fφθt(φ) ∈ F}P(dφ)

=
1

λ||B||

∫ ∑
t∈φ∩B̃

1{θt(φ) ∈ f−1
φ F}P(dφ)

= P0(f−1
φ F ),
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where the first equation follows from Remark 4.1. Hence we obtain the dis-
tribution of fφ(φ) when φ is selected under probability P0. So this does not
lead to a new object.

If we replace the first one with fφ(φ), we get

Pf0 (F ) :=
1

λ||B||

∫ ∑
t∈fφ(φ)∩B̃

1{θtφ ∈ F}P(dφ), (4.6)

which means we look at the initial point process from a typical point of the
image of the point process under the action of the DCPM.

Lemma 4.7. Let P be stationary. If Pf0 is defined as in (4.6) then

Pf0 (F ) =
1

λ||B||

∫ ∑
t∈φ∩B̃

1{θf(φ,t)φ ∈ F}P(dφ). (4.7)

Proof. For this proof we fix B = [0, 1)d. If E denotes the expectation with
respect to P , one has∫ ∑

t∈φ∩B̃

1{θf(φ,t)φ ∈ F}P(dφ)

= E

∑
v∈Z

∑
t∈φ∩B̃

∑
s∈fφ(φ)∩B+v

1{s = f(φ, t), θsφ ∈ F}


=

∑
v∈Z

E

 ∑
t∈φ∩B̃−v

∑
s∈fφ(φ)∩B

1{s = f(φ, t), θsφ ∈ F}


= E

 ∑
s∈fφ(φ)∩B̃

1{θsφ ∈ F}

 = λ||B||Pf0 (F ),

where the second equality follows from the stationarity of the point process.
Note that at the first and the second line we assume s ∈ fφ(φ) ∩ B + v and

s ∈ fφ(φ) ∩ B where we consider B rather than B̃ in order to count each
point totally one time. Because the multiplicity of all points was considered
in the first summations. �
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Lemma 4.7 states that there is no difference between looking at the point
process from the image of a typical point, (4.7), or from a typical point of
the image of the point process, (4.6), under the action of the DCPM.

We know that (fΦΦ,P) = (fid,P) is also a stationary point process which
has the canonical version (id, fidP) and so we can define its Palm probability
(fidP)0.

Lemma 4.8. If φ is selected with the distribution Pf0 , then fφ(φ) has the
distribution (fidP)0, i.e.

fidPf0 = (fidP)0 (4.8)

Proof.

Pf0 (fφφ ∈ F ) = Pf0 (φ ∈ f−1
id F )

=
1

λ||B||

∫ ∑
t∈fφ(φ)∩B̃

1{θtφ ∈ f−1
id F}P(dφ)

=
1

λ||B||

∫ ∑
t∈fφ(φ)∩B̃

1{fθtφ(θtφ) ∈ F}P(dφ)

=
1

λ||B||

∫ ∑
t∈fφ(φ)∩B̃

1{θtfφ(φ) ∈ F}P(dφ)

=
1

λ||B||

∫ ∑
t∈φ∩B̃

1{θtφ ∈ F}(fφP)(dφ)

= (fφP)0(F ).

�

This shows that we can reconstruct the Palm version of (fid,P) from the
point process (id,Pf0 ) and, according to Remark 1.2, we can also reconstruct
(fid,P) from the point process (id,Pf0 ). But as it is shown in Example 4.9, it
is generally not true that (id,Pf0 ) is reconstructible from (fid,P). This shows
that (id,Pf0 ) is a richer structure than (fid,P).

Example 4.9. Let A = 3Z ∪ (3Z + 1) where

3Z = {3k; k ∈ Z}, 3Z + 1 = {3k + 1; k ∈ Z}.
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Define h : A→ A

h(x) :=

{
x ifx = 3k

x− 1 ifx = 3k + 1
.

Let U be a uniform random variable in [0, 3) and (Ω,F ,P) is the associated
probability space. Let Φ : Ω→ N be defined as

Φ(u) := u+ A = {u+ x;x ∈ A}

and let P = ΦP. Clearly (id,P) is a stationary point process on the real line.
If φ is a realization of this point process it has a unique uφ+A representation
where u ∈ [0, 3). Assume f is a point-map defined as

f(φ, uφ + x) = uφ + h(x)

Then f is a DCPM on this point process.

The Palm version of this point process is concentrated on A and A − 1
each with probability half. The point process (fφ,P) is U +[3Z]2 where [3Z]2
is the set 3Z with all points of multiplicity 2 and the point process (id,Pf0 )
is concentrated on A.

Now if Ψ : Ω→ N is defined as

Ψ(u) = u+ [3Z]2

and
Q = ΨP

the point process (id,Q) is also stationary, (fid,Q) is again equal to U+[3Z]2,
but the point process (id,Qf0) is concentrated on [3Z]2. This shows (fid,P) =
(fid,Q) but (id,Pf0 ) 6= (id,Qf0) and hence in general we cannot reconstruct
(id,Pf0 ) form (fid,P). �

When f is a DCPM, for all n ≥ 1, fn(φ, x) := fnφ (x) is also a DCPM and
hence we have

Pf
n

0 (F ) =
1

λ||B||

∫ ∑
t∈fnφ (φ)∩B̃

1{θtφ ∈ F}P(dφ). (4.9)

For a typographical reason we denote the latter by Pf,n0 instead of Pf
n

0 .
Clearly P0 = Pf,00 and Pf0 = P0

f,1.
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Remark 4.10. It is clear from both the definition and the interpretation of
Pf,n0 , that for all nonnegative integers n, Pf,n0 -almost all φ have a random
positive integer mass at the origin. Whenever a point process has an almost
sure positive mass at the origin we say it contains the origin.

Remark 4.11. If the original point process is simple, i.e. P [N] = 1, then
all f -Palm versions are also simple; i.e., for all n, Pf,n0 [N] = 1.

Below, we will consider cases where fnφ (φ) tends to the empty set as n goes
to infinity. This means that in spite of the fact that one can continue each
route for an infinite number of steps, for each point X of the point process,
only finitely many routes hit X. We will refer to the property that

f∞φ (φ) :=
∞⋂
n=1

fnφ (φ) = ∅

as mass evaporation.

Example 4.12. Let assume (id,P) is a Poisson point process with intensity
1 on R defined on the canonical space. For each X ∈ Φ we mark X with
m(X) = max{1,min{X−Y ;Y ∈ Φ, Y < X}}. Using the convention min ∅ =
∞ for all X, m(X) is well defined and almost surely all marks are finite.
Consider a point-map f which goes from each point X to the leftmost point
Z ≥ X with a mark at least twice that of X, i.e.

f(φ, x) = argmin{z ∈ φ; z ≥ x,m(z) ≥ 2m(x)}.

It is easy to verify that f is a DCPM and that for each n ∈ N, if X ∈ fnφ (Φ)
then m(X) ≥ 2n and hence (X − 2n, X) ∩ Φ = ∅. Using this fact, it is clear
that for each point X ∈ Φ and n > log2m(X), X is not included in fnφ (Φ);
therefore f∞φ (Φ) is almost surely empty. �

A consequence of mass evaporation is that is impossible to use f∞φ for

defining Pf,∞0 directly as we did in (4.9), since in spite of mass preservation
under the DCPM, f∞φ (Φ) = ∅ whenever f∞φ (Φ) = ∅. If we formalize this fact
we have for all n ∈ N

E[fnΦΦ(B)] = λ||B||

and hence
lim
n→∞

E[fnΦΦ(B)] = λ||B||
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which is not equal to
E[ lim

n→∞
fnΦΦ(B)] = 0.

However there is another hope that we can define Pf,∞0 as a limit of the
sequence {Pf,n0 }∞n=1.

4.4 Point-Map Invariant Measures

Assume T is a random vector, i.e. T : Ω→ Rd is measurable. So

ω 7→ θT (ω)ω

is a measurable mapping on (Ω,F).

Lemma 4.13. For a compatible point process (Φ,P) and a random vector
T if we define θTΦ(ω) := θT (ω)Φ(ω) and

∀G ∈ F ; θTP(G) := P(ω s.t. θT (ω)ω ∈ G),

we have
(θTΦ,P)

D
= (Φ, θTP).

Proof. For all F ∈ N one has

(Φ(θTP))(F ) = θTP(ω s.t. Φ(ω) ∈ F )

= P(ω s.t. Φ(θT (ω)(ω)) ∈ F )

= P(ω s.t. θT (ω)Φ(ω) ∈ F )

= ((θTΦ)P)(F ),

where the third equality follows from the compatibility of Φ. �

For a DCPM f and a point process (Φ,P), the f -displacement at the
origin of the point process is the random vector T (Φ, f) where

T (Φ, f)(ω) := (T (Φ, f))(ω) :=

{
f(Φ(ω), 0) if 0 ∈ Φ(ω)

0 otherwise
. (4.10)

Note that this definition is independent of P. We say T (Φ, f)(ω) is nontrivial
if 0 ∈ Φ(ω), even if T (Φ, f)(ω) is equal to zero, and otherwise we say it is
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trivial.

In the rest of this section, we assume the point processes are on the canon-
ical space. If (id,P) is a canonical stationary point process, P(0 ∈ φ) = 0
and hence T (id, f) is P-almost surely trivial. However if we consider the
f -Palm versions of the point process, according to Remark 4.10, T (id, f) is
P0-almost surely nontrivial.

With our interpretation of Pf,n0 , it is intuitively clear that θT (id,f) should

transport Pf,n0 to Pf,n+1
0 . The following proposition formalizes this interpre-

tation.

Proposition 4.14. If f is a DCPM and (id,P) is a canonical stationary
point process, then for all n ≥ 0,

(id, θT (id,f)Pf,n0 ) = (id,Pf,n+1
0 ).

For n = 0, this reduces to

(id, θT (id,f)P0) = (id,Pf0 ).

Proof. Take F ∈ F is given. Since T (id, f) is Pf,n0 -almost surely nontrivial,
one has

θT (id,f)Pf,n0 (F ) = Pf,n0 (H),

where
H =

{
φ s.t. θf(φ,0)φ ∈ F

}
.

According to (4.7), one has

λ||B||θT (id,f)Pf,n0 (F ) =

∫ ∑
t∈ψ∩B̃

1
{
θfnψ (t)ψ ∈ H

}
P(dψ).

By rewriting the last equation using the notation

s = fnψ (t),

one gets

λ||B||θT (id,f)Pf,n0 (F ) =

∫ ∑
t∈ψ∩B̃

1
{
θf(θsψ,0)θsψ ∈ F

}
P(dψ)

=

∫ ∑
t∈ψ∩B̃

1
{
θf(θsψ,0)+sψ ∈ F

}
P(dψ),
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where the last equation follows from (1.3). But

f(θsψ, 0) + s = f(ψ, s) = fψ(s) = fn+1
ψ (t)

and hence

θT (id,f)Pf,n0 (F ) =
1

λ||B||

∫ ∑
t∈ψ∩B̃

1
{
θfn+1
ψ (t)ψ ∈ F

}
P(dψ) = Pf,n+1

0 (F ).

�

Corollary 4.15. Under the assumptions of Proposition 4.14, for all n > 0,

(θT (id,f)id,Pf,n0 )
D
= (id,Pf,n+1

0 ).

For n = 0 this reduces to

(θT (id,f)id,P0)
D
= (id,Pf0 ).

Proof. The statement is an immediate consequence of Lemma 4.13 and Propo-
sition 4.14. �

Proposition 4.14 suggests one to define the f -Palm probabilities for point
processes which contain the origin.

Definition 4.16. For all point processes (id,P) on the canonical space which
contain the origin, the n-th f -Palm probability of (id,P) is defined inductively
as follow:

Pf,00 := P , Pf,n+1
0 := θT (id,f)Pf,n0 . (4.11)

For n = 1, we denote Pf,10 by Pf0 .

In view of Proposition 4.14, this definition is consistent with our previous
definition of the f -Palm probabilities.

Definition 4.17. Let f be a DCPM. We say that a point process (id,P)
which contains the origin is f -invariant if

P = θT (id,f)P (4.12)

which, according to Definition 4.16, is equivalent to

P = Pf0 . (4.13)
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An interesting question is that of the conditions under which there exists
a nontrivial solution (id,P) (i.e. T (id, f) is P-almost surely nontrivial) for
(4.12).

We know that when f is a bijective DCPM, it preserves the Palm ver-
sion of any stationary simple point process. Hence in the case of bijective
DCPM, the Palm probability of any stationary simple point process is a so-
lution of (4.12).

Assume that for a canonical stationary point process (id,P), the limit of
Pf,n0 exists in some sense. Let Pf,∞0 denote the limit. Then it follows from
Proposition 4.14 when letting n go to infinity that

(id, θT (id,f)Pf,∞0 ) = (id,Pf,∞0 ). (4.14)

Hence (id,Pf,∞0 ) is a solution of (4.12) or equivalently the f -Palm probability
is f -invariant. The invariance of the Palm version of a stationary point pro-
cess under the action of bijective DCPMs is the main reason to call (id,Pf,∞0 )
the f -Palm version of the point process. Also we call Pf,∞0 the f -Palm prob-
ability of the point process.

The following lemma gives us a necessary and sufficient condition for the
existence of a limit for a subsequence of Pf,n0 .

Lemma 4.18. A sequence of the point processes (id,Qn)∞n=1 on the canonical
space is sequentially compact in distribution in the vague topology if and only
if for all bounded Borel subsets B,

lim
r→∞

lim sup
n→∞

Qn(φ(B) > r) = 0. (4.15)

Proof. For the proof, see e.g. Lemma 4.5.,[35]. �

Here we start with simple examples and we will continue with more in-
teresting examples in Section 4.5 .

Example 4.19. Assume (id,P) is the Poisson point process with intensity
one on R2. We mark each point x ∈ φ with the number of points in the unit
ball around x, i.e.

m(x) = #(φ ∩B1(x))
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where Br(x) = {y ∈ R2 s.t. |x− y| < r}. Note that always m(x) ≥ 1.

Consider the DCPM f which acts on the marked Poisson point process
as follows: it goes from each point x ∈ φ to the closest point located on the
right side of x with a mark at least twice the mark of x; if such point is not
unique it chooses the point y such that (x − y) · (0, 1) has the largest value
and if there in no such point it stays at x.

The f -Palm probabilities of the Poisson point process are such that

Pf,n0 (Φ(B1(0)) ≥ 2n) = 1

and hence for each positive real number r, one has

lim
r→∞

lim sup
n→∞

Pf,n0 (φ(B1(0)) > r) = 1

and according to Lemma 4.18 the limit does not exist.

Intuitively is also clear that, in this situation, there exists no convergent
subsequence. Because if there exists a convergent subsequence, almost surely
it should have infinitely many points in the unit disk and hence it has an
accumulation point. So the limit does not correspond to any point process.

�

Note that Lemma 4.18 gives a necessary and sufficient condition for the
existence of a limit. Another interesting question is the uniqueness of the
limit. The following simple examples show that the limit can be either unique
or not.

Example 4.20. Consider the homogeneous Poisson point process (id,P)
with intensity 1 on R2. For each point x ∈ φ let d(x) denote the distance of
x from the closest point of φ other than x. Notice that d(x) is a mark of x.

Consider a DCPM f which acts on this marked point process as follows:
from each point x ∈ φ, it goes to the closest point on the right of x with a
mark at least twice that of x. For the cases of nonexistence of a such point
or non-uniqueness, one chooses as in Example 4.19.
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We will check (4.15) for all balls around the origin which clearly implies
the result for all bounded Borel subsets. Fix a positive real number l and let
B!
l(x) = Bl(x)\{x}. One has

φ(Bl(0)) = φ(B!
l) + φ({0}).

Since the homogenous Poisson point process is simple, φ({0}) is Pf,n0 -almost
surely equal to 1 (the reader should keep in mind the difference between φ
and fnφ (φ) which is not necessarily simple). Also we have for all real numbers
r ≥ 1,

Pf,n0 (φ(B!
l(0)) ≥ r) ≤ Pf,n0 (φ(B!

l(0)) ≥ 1)

=
1

λ||B||

∫ ∑
t∈φ∩B̃

1{|θfnφ (t)φ(B!
l(0))| ≥ 1}P(dφ)

=
1

λ||B||

∫ ∑
t∈φ∩B̃

1{|φ
(
B!
l(f

n
φ (t))

)
| ≥ 1}P(dφ)

=
1

λ||B||

∫ ∑
t∈φ∩B̃

1{φ ∩B!
l(f

n
φ (t)) 6= ∅}P(dφ)

≤ 1

λ||B||

∫ ∑
t∈φ∩B̃

1{φ ∩B!
l/2n(t) 6= ∅}P(dφ)

= P0(φ(B!
l/2n(0) 6= ∅).

But since counting measures have no accumulation points, the latter goes to
zero as n goes to infinity. Hence one has

lim
n→∞

Pf,n0 (|φ ∩Bl(0))| > r) = 0.

Therefore (4.15) is satisfied and there exists a convergent subsequence. But
what we proved is a stronger: for r = 1 one has

lim
n→∞

Pf,n0 (φ ∩B!
l(0) 6= ∅) = 0

and hence the limit of the (id,Pf,n0 ) is unique and is concentrated on δ0, the
Dirac measure at the origin. �

72



Example 4.21. Here we use the same notation as in Example 4.9. Let
A = 4Z ∪ (4Z + 1) ∪ (4Z + 2). Define f : A→ A

h(x) :=

{
x+ 1 ifx = 4k, 4k + 1;

x− 1 ifx = 4k + 2.

Assume U is a uniform random variable in [0, 4) and (Ω,F ,P) is the associ-
ated probability space. Assume Φ : Ω→ N is defined as

Φ(u) := u+ A

and let P = ΦP. Clearly (id,P) is a stationary point process on the real line.
If φ is a realization of this point process, it has a unique representation of
the form uφ + A where u ∈ [0, 4). Assume f is a point-map defined as

f(φ, uφ + x) = uφ + h(x).

Then f is a DCPM on this point process.

The first f -Palm version of this point process is concentrated on A − 1
with probability 2

3
and A − 2 with probability 1

3
. It is also easy to ver-

ify that for all odd numbers n, Pf,n0 is same as Pf0 and for even numbers n,
Pf,n0 is concentrated on A−1 with probability 1

3
and A−2 with probability 2

3
.

Hence in this example, (id,Pf,n0 )∞n=1 has two convergent subsequences. �

An important point is that even when the limit of Pf,n0 exists, we cannot
always reconstruct the original point process from it, i.e. assuming Pf,∞0 is

given, we cannot find P0. This is clear since Pf,∞0 = (Pf,n0 )
fφ,∞
0 and hence at

least all Pf,n0 share the same f -Palm probability.

4.5 Point-Maps on Poisson Point Processes

In this section we focus on Poisson point processes on Rd. Since we are inter-
ested in stationary point processes, we only consider homogeneous Poisson
point processes.
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Definition 4.22. If B is a Borel subset of Rd, NB is the smallest sub-σ-field
of N such that φ∩B is measurable; i.e. NB is the smallest σ-field such that
for all Borel subsets B′ of B and all nonnegative integers n,

{φ;φ(B′) = n} ∈ NB.

Indeed, NB is the smallest σ-field which contains all data about the count-
ing measure in B; in other words, on NB we know the configuration of the
points (including their multiplicities) of the counting measure in B.

Let F and K be the set of all closed subsets and compact subsets of Rd

respectively. We define the σ-field σF on F as the σ-field generated by the
collection of closed sets of the form

{F ∈ F;F ∩K 6= ∅},

where K ∈ K.

Definition 4.23. A random set is a measurable mapping S : (Ω,F) →
(F, σF ), where (Ω,F) is a given measurable space. In the case where Ω is
a subset of N, we say the random set S is a stopping set whenever for all
K ∈ K one has

{φ;S(φ) ⊂ K} ∈ NK .

Remark 4.24. The notion of stopping set is defined for a measurable map-
ping from (N,N ) (or some subset of N and its induced σ-field) to (F, σF )
and one can verify that such a mapping is a stopping set or not without any
need to any probability measure on (N,N ).

Example 4.25. Any fixed closed subset of Rd is a stopping set.

Example 4.26. Let S(φ) be the smallest closed ball around the origin which
contains at least one point of φ other than the origin itself (if 0 ∈ φ). It is
easy to verify that S(φ) is a random set. For a given compact K assume
X(φ) = XK(φ) is the closest point of φ ∩ K to the origin (other than the
origin). S(φ) ⊂ K if and only if K contains the closed ball B|X(φ)−0|(0)
(where the over line means the closure of the set) and clearly we can decide
about the latter only by knowing the points of the point process in K; i.e.

{φ;B|X(φ)−0|(0) ⊂ K} ∈ NK .

Therefore S(φ) is a stopping set. �
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Example 4.27. Let f s be the strip routing point-map defined in Example
4.4. For a given point x = (x1, x2) if f s(x) = (y1, y2), then [x1, y1] × [x2 −
1, x2 + 1] is a stopping set.

Definition 4.28. The notion of NB which is defined in Definition 4.22, can
be extended to stopping sets. If S is a stopping set,

NS := {A ∈ N ;∀K ∈ K, A ∩ {S ⊂ K} ∈ NK}.

Roughly speaking, if S is a stopping set, NS is the smallest sub-σ-field of N
which contains all data about the point process (including S itself) in S. For
further notices see [54].

Definition 4.29. We call a DCPM f stabilizing whenever its point-map
kernel g depends only on the intersection of the point process and a stopping
set, i.e. there exists a stopping set S such that, for all φ and ψ in NO, one
has

g(φ) = g(φ ∩ S(φ)) = g((φ ∩ S(φ)) ∪ (ψ ∩ S(φ)c)).

Example 4.30. Let gs be the deterministic point-map kernel associated to
the DCPM f s. Assume φ ∈ NO. According to the definition of f s, g(φ)
depends on the realization of the point process on φ ∩ Ss(φ), where Ss(φ) is
the part of the St(O) (including vertical ending segments) between the origin
and y = (y1, y2), where y is the left most point of φ in St(O); i.e.

Ss(φ) = [0, y1]× [−1, 1].

Clearly Ss is a stopping set and therefore f s is stabilizing.

Assume (id,P) is a canonical homogeneous Poisson point process and
f s is the strip routing point-map. We denote by {Xs

i }∞i=0 the successive
points of the route starting from 0 in (id,P0), the Palm version of the point
process. So Xs

0 = 0 and for all nonnegative i, Xs
i+1(φ) = f s(φ,Xs

i (φ)). For
all nonnegative integer i we define

Ssi (φ) = Ss(θXs
i
(φ)).

Hence Ss0(φ) = Ss(φ) and for all i, conditioning on the location of Xf
i , Xf

i+1

depends only on φ ∩ (Xf
i + Ssi (φ)). Note that in the general case, Ssi is not

a stopping set. However if we define

U s
k =

k⋃
i=0

(Ssi +Xs
i ), (4.16)
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it is easy to verify that U s
k is a stopping set. We call U s

k the k-th unveiled
region and we denote NUsk by N s

k .

Remark 4.31. According to the definition of N s
k , Xs

1 , . . . , X
s
k+1 are N s

k mea-
surable. Indeed, N s

k includes the necessary and sufficient data on the point
process which are needed to determine Xs

1 , . . . , X
s
k+1.

Proposition 4.32 (Strong Markov Property of Poisson Point Process). Con-
sider two i.i.d canonical Poisson point processes, i.e. we equip (Ω,F) =
(N × N,N ⊗ N ) with a product probability measure Q = P ⊗ P and for
i = 1, 2 we define

πi(φ1, φ2) = φi.

Then (π1, π1Q) and (π2, π2Q) are independent Poisson point processes. If
h : N→ R is a measurable mapping with finite expectation with respect to
P , then

EQ[h(π1)] = EQ[h ((π1 ∩ S(π1)) ∪ (π2 ∩ S(π1)c))]. (4.17)

Proof. For the proof see e.g. page 17 of [3]. �

Proposition 4.32 states that what happens inside a stopping set and out-
side of it are independent. For the case of deterministic S, this is known as
complete independence property of the Poisson point process.

Remark 4.33. According to Proposition 4.32, if U s
k is defined as (4.16), the

point process outside U s
k is distributed as the original Poisson point process

and what happens inside U s
k does not affect what happens outside. As a

consequence, the sequence {Xs
i+1 − Xs

i }i∈N is a sequence of i.i.d. random
vectors; i.e. all steps see a regeneration in the path.

Our goal at this point is to show that the f s-Palm probability of the Pois-
son point process on R2 exists and is unique. In [18] the authors proved that
if we connect all points x and f s(x) by an edge, the resulting graph is almost
surely a tree with exactly one topological end. As a consequence, almost
surely, there is no point in (f sΦ)∞(Φ); i.e. in this case evaporation occurs and
therefore the definition of f s-Palm probability is not possible with classical
Palm theory.

For all i ≤ j, let pi,j denotes the progress of the strip-routing point-map
between Xi and f s(Xj), i.e.

pi,j := (f s(Xj)−Xi) · u.
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In the case u = (1, 0), pi,j is equal to

π1(f s(Xj))− π1(Xi),

where π1 is the projection on the first coordinate.

Lemma 4.34. Let r > 0 and i ∈ N be given. Let η(i, r) denote the least
integer j for which, pi,j > r. Then η(i, r) is a stopping time with respect to
the filtration {N s

k}k∈N. In addition it has finite mean.

Proof. The event {η(i, r) ≤ k} is equivalent to the fact that π1(Xi) + r <
π1(Xk+1) and therefore, according to Remark 4.31, {η(i, r) ≤ k} ∈ N s

k .

The N s
i−1-measurability of Xs

1 , . . . , X
s
i and the strong Markov property

of the Poisson point process imply that, for all integers k,

P0[{η(i, r) ≥ k}|N s
i−1] = P0[pi,k+1 ≤ r].

But, because of the strong Markov property of the Poisson point process, the
distribution of the number of points of the point process in

[π1(Xs
i ), π1(Xs

i ) + r]× [π2(Xs
i − 1), π2(Xs

i + 1)],

given N s
i−1, is a Poisson random variable with mean 2rλ. Hence

P0[{η(i, r) ≥ k}|N s
i−1] = 1− FPois,2rλ(k − i), (4.18)

where FPois,α is the probability distribution function of the Poisson random
variable with mean α. According to (4.18) we have

E0[η(i, r)|N s
i−1] = i+ 2rλ.

�

Remark 4.35. In fact, in the proof of Lemma 4.34, we showed that if for a
fixed r, {ηi(r)}i∈N is defined inductively as

η0(r) = 0, ∀i ∈ N; ηi+1(r) = η(ηi(r), r) + 1,

then the sequence {(ηi+1(r) − ηi(r)) − 1}i∈N is a sequence of i.i.d. Pois-
son random variables with mean 2rλ and therefore the random variables
{ηi+1(r) − ηi(r)}i∈N are i.i.d. with mean 2rλ + 1. Note that, it is easy to
verify that the probability of ηi+1(r) = ηi(r) + 1 is positive.
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Proposition 4.36. The limit of the sequence {Pf
s,n

0 }n∈N exists; Therefore
the f s-Palm probability of the Poisson point process, Pf

s,∞
0 , is well-defined.

Proof. It is sufficient to show that for all positive r, the distribution of the
point processes {(id,Pf

s,n
0 )}n∈N in the ball of radius r around the origin,

Br(0), converges to a unique distribution Pf
s,∞

0 on the counting measures on
the ball of radius r.

Let H+(x) be the half plane on the right hand side of x and let H−(x)
be the half plane on the left hand side of x including the vertical axis; i.e.

{y ∈ R2; (y − x) · (1, 0) > 0} (respectively {y ∈ R2; (y − x) · (1, 0) ≤ 0}).

Since U s
k−1 ⊂ H−(Xs

k) and the distribution of the point process outside the
(k − 1)-th unveiled region is the same as the distribution of the original
point process, the distribution of the point process in Br(X

s
k)∩H+(Xs

k) and
consequently according to (4.7) in

θXs
k
(Br(X

s
k) ∩H+(Xs

k)) = Br(0) ∩H+(0)

is the same as the original distribution of the point process. Hence, the limit
of the point processes {(id,Pf

s,n
0 )}n∈N in the semi-ball Br(0) ∩H+(0) exists

and it is a Poisson point process with original intensity λ.

The proof for the left semi-ball is more technical. We prove that, for all
subsets A of Br(0) ∩H−(0), the sequence of random variables {Φk(A)}k∈N,
where Φk is chosen with distribution Pf

s,k
0 , is convergent in distribution. Ac-

cording to Lemma 4.7, Φk is distributed as θXs
k
Φ0. In the rest of the proof

we assume Φk = θXs
k
Φ0.

Let Y0 := Z0 := Xs
0 . We define the sequence {Yi}i∈N and {Zi}i∈N induc-

tively as follows:

Yi+1 :=

{
Xs
i+1 π1(Xs

i+1 − Yi) > r

Yi otherwise
, Zi+1 :=

{
Xs
i+1 Yi+1 6= Yi 6= Zi

Zi otherwise
.

It means for all i and j where ηj ≤ i < ηj+1, we have Yi = Xs
ηj

and for all i
and j where η2j ≤ i < η2j+2 we have Zi = Xs

η2j
. Also let define the random
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variable {ψi}i∈N as follows:

ψi :=

{
Φi(A) = θXs

i
Φ0(A) Yi 6= Zi

0 otherwise,

which means for η2j ≤ i < η2j+1, it is zero and for η2j+1 ≤ i < η2j+2, it is
equal to Φi.

One may verify that the sequence {θZiXs
i , ψi}i∈N is a regenerative pro-

cess with regeneration times {η2j}j∈N. In fact, {θZiXs
i }

η2k+1−1
i=η2k

are the points
which are followed by the strip routing point-map from the origin until we
progress more than r, where the point process in the right half plane is a
(fresh) Poisson point process. During these steps ψi = 0. The sequence

{θZiXs
i }

η2k+2−1
i=η2k+1

are the points which are followed by the point-map until we
progress more than r again. In addition, ψi is equal to

θXs
i
Φ0(A) = θZiΦ

0(A+Xs
i − Zi),

where according to the fact that, for all η2k+1 ≤ i < η2k+2, we have π1(Xs
i −

Zi) > r, and hence A + Xs
i − Zi ⊂ H+(0); therefore, for all i ≥ η2k, ψi is

independent of the history of the process before Zi = Xs
η2k

and it is also in-

dependent of η2k. It is easy to verify that for all k, {ψi}η2k+2−1
i=η2k

are identically
distributed.

Note that the sequence of regenerative times is recurrent and aperiodic
with finite increment mean 4rλ + 2. Therefore the sequence {ψi}i∈N is con-
vergent in distribution to a limit satisfying

lim
n→∞

E[h(ψn)] =
1

4rλ+ 2
E

[
η2∑
i=η0

h(ψi)

]
=

1

4rλ+ 2
E

[
η2∑
i=η1

h(Φi(A))

]
.

Now assume Z ′0 has some value different from Xs
0 . We define

Z ′i+1 :=

{
Xs
i+1 Y ′i+1 6= Yi 6= Z ′i

Z ′i otherwise
.

Therefore for all i and j where η2j+1 ≤ i < η2j+3 we have Zi = Xs
η2j+1

. Now
if we define ψ′i as

ψ′i :=

{
Φi(A) = θXs

i
Φ0(A) Yi 6= Z ′i

0 otherwise,
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then for η2j+1 ≤ i < η2j+2, ψ′i is zero and for η2j+2 ≤ i < η2j+3, it is equal
to Φi. Similar to what we did previously, one may verify that {θZ′iX

s
i , ψ

′
i}i∈N

is a delayed regenerative process with regeneration times {η2j+1}j∈N which
is recurrent and aperiodic with finite increment mean 4rλ+ 2 and therefore
{ψ′i}i∈N is convergent in distribution and the limit distribution satisfies

lim
n→∞

E[h(ψ′n)] =
1

4rλ+ 2
E

[
η3∑
i=η1

h(ψ′i)

]
=

1

4rλ+ 2
E

[
η3∑
i=η2

h(Φi(A))

]
.

Note that for all natural n and all nonnegative t, we have

P[Φi(A) > t]

= P[Φi(A) > t|Yi = Zi]P[Yi = Zi] + P[Φi(A) > t|Yi 6= Zi]P[Yi 6= Zi]

= P[ψ′i > t|Yi = Zi]P[Yi = Zi] + P[ψi > t|Yi 6= Zi]P[Yi 6= Zi]. (4.19)

Using the fact that the sequence {1{Yn = Zn}}n=∞ is regenerative with
regeneration times η2k it is easy to prove that

lim
i→∞

P[Yi = Zi] = lim
i→∞

P[Yi 6= Zi] =
1

2
, (4.20)

and hence

lim
i→∞

P[ψi > t]

= lim
i→∞

P[ψi > t|Yi = Zi]P[Yi = Zi] + P[ψi > t|Yi 6= Zi]P[Yi 6= Zi]

=
1

2
lim
i→∞

P[ψi > t|Yi 6= Zi]. (4.21)

Similarly we have

lim
i→∞

P[ψ′i > t|Yi = Zi] = 2 lim
i→∞

P[ψ′i > t]. (4.22)

Combining (4.19), (4.20), (4.21) and (4.22) gives

lim
i→∞

P[Φi(A) > t] = lim
i→∞

P[ψi > t] + lim
i→∞

P[ψ′i > t].

Therefore Φi(A) is convergent in distribution to a limit which satisfies

lim
n→∞

E[h(Φn(A))] =
1

4rλ+ 2
E

[
η3∑
i=η1

h(Φi(A))

]
. (4.23)

�
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Remark 4.37. Since regenerative cycles of {θZiXs
i , ψi}i∈N and {θZ′iX

s
i , ψ

′
i}i∈N

are distributed identically, their limit distribution are the same. Therefore
the limit distribution of Φi(A) satisfies

lim
n→∞

E[h(Φn(A))] =
1

2rλ+ 1
E

[
η2∑
i=η1

h(Φi(A))

]
.

Remark 4.38. [Sketch of the proof proposed by H. Thorisson] Here we give
the sketch of a shorter proof of Proposition 4.36 which was proposed by H.
Thorisson.

For all n ∈ N, let Tn be the sequence of integers k such that Φk(Br) = 0.
Then for r large enough, {Φk(A)}k∈N is classical regenerative with regener-
ation times {Tn}n∈N. The inter-regeneration times are aperiodic with finite
mean. Thus Φk(A) goes to a limit in distribution as k →∞. �

The main proof of Proposition 4.36 is more complicated than the proof
which is presented in Remark 4.38. However the method which is used in the
the proof of Proposition 4.36 can be easily used for some other stabilizing
point-maps. For example, assume the direction navigation point-map with
deviation limit α, which is introduced in (4.4). If α < π

4
, one can use the

above method to show that the limit of the sequence {Pfu,α,n0 }n∈N exists. The
only change which should be done in the method is the following: instead
of studying the limit in the left and right half planes separately, we should
divide the problem in two: one in the cone {y; y

|y| ·u > cosα} and outside the
cone and defining the stopping times ηi as when some points have a distance
more than r from the edges of the cone.

If α > π
4
, the problem is slightly more difficult. Because we do not have

the immediate regeneration property, i.e. Xf
i+1−X

f
i are not, i.i.d. for i ∈ N.

However, for α < π
2
, if we wait enough, we see the regeneration property.

The situation for α = π
2

is still more complicated which makes the definition
of the notion of non-resurgent stabilizing point-maps indispensable.

Roughly speaking, non-resurgence means that if at some steps, some parts
of the old data has no effect on the next step of the path, that data has no
effect on the future of the path either. For example, strip routing on Poisson
point process, is non-resurgent. Because at all steps, the future of the path is
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independent of its history. In [10], the authors use the above method to show
the existence and the uniqueness of the limit of {Pf,n0 }n∈N for non-resurgent
point-maps on Poisson point process, under some additional conditions.
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Chapter 5

Stochastic Point-Map Palm
Measures

5.1 Introduction

As we saw at the end of Chapter 3, finding optimal paths in the SINR graph
is not possible in practice, because of the need for future data. Therefore it
is natural to look for routing algorithms which are local in time. This is the
connection between Chapter 3 and Chapters 4 and 5.

Assume the setup of §3.2.1 and assume G is the SINR space-time graph.
A time-local point-map on G is a point-map for which the image of all points
(Xi, n) depends only on the structure of G at time n and the marks of the
points at this time step. Note that the notion of time-local point-map will
be used only for the SINR space-time graph.

If Xi is a point of the point process in the plane, we denote by R(Xi, n)
all points Xj (including Xi itself) such that δi,j(n) = 1 where δ is defined in
(3.4). Assume

f(Xi, n) := fuR(Xi,n)(Xi) (5.1)

where fu is the directional routing defined in Example 4.3; i.e. f takes the
closest receiver with feasible channel (if there exists at least one such receiver)
on the right side of Xi. Clearly f is a time-local point-map.

We saw in Section 3.5 that f converges to infinity, i.e. it passes all vertical
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lines. One knows that the radial routing point-map toward a point which
goes to infinity in direction u converges to f in total variation. This shows
how the analysis of the time-local point-maps (and their related Palm mea-
sures) can help us in the analysis of the time-local decisions for routing on
the SINR graph.

Time-local point-maps, and more generally timed stochastic compatible
point-maps (defined below), on point processes can be seen as Markov chains
in a random environment and have hence connections with random walks in
a random environment (e.g. see [42, 53]).

In Section 5.2 we describe the concept of stochastic compatible point-
map. We consider both time-independent and time-dependent stochastic
point-maps. In Section 5.3 we describe the framework of timed stochastic
point-map Palm measures and we show that if the timed stochastic point-
map Palm measure exists it is invariant under the action of the point-map.

5.2 Stochastic Point-Maps

Our goal in this chapter is to generalize the definition of point-map Palm
measures to stochastic point-maps or Point-maps on marked point processes.
In the stochastic case, in contrast with the deterministic point-map case, the
time aspect can also be important. In order to motivate the reader, we start
with an example.

Example 5.1 (Stochastic Strip Routing Point-Map). Let f s be the strip
routing point-map defined in Example 4.4. In strip routing, from each point
x, we go to the left most point in St(x). Consider a modified version of strip
routing where we go to the n-th leftmost point of St(x) where n = n(x) is
an independent random variable.

For this model, assume we make local decisions to go from each point to
the point indicated by the mark of that point which is a positive integer.
This is an example of point-map on a marked point process. In case of non-
uniqueness or non-existence, the modifications are as for f s. We denote this
point-map by f ss.

Adapting the framework to this type of example is similar to what we
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did before. We start with the definition of a stochastic point-map. Let
ΩO

Φ := Φ−1(NO).

Definition 5.2. A stochastic point-map kernel for the point process Φ, is a
measurable mapping g from ΩO

Φ to Rd such that for all ω ∈ ΩO one has

g(ω) ∈ Φ(ω). (5.2)

As in the deterministic case, a stochastic point-map kernel maps the origin
(which is contained in Φ(ω)) to a point of Φ(ω) by preserving the multiplicity.
All stochastic point-maps kernel such as g can be extended to a stochastic
point-map f : Φ→ Φ, where Φ is a compatible point process, as follows: For
all x ∈ Φ(ω)

fω(x) := f(ω, x) := x+ g(θxω),

where we assume the multiplicity of fω(x) is same as the multiplicity of x
in Φ. Note that since x ∈ Φ(ω), the equality Φ(θxω) = θxΦ(ω) implies that
θxω ∈ ΩO

Φ and hence fω(x) is well defined and (5.2) implies that fω(x) ∈ Φ(ω).
According to the definition we have

f(θtω, θtx) = θtx+ g(θθtxθtω) = x− t+ g(θxω) = θtf(ω, x),

and hence f is compatible with the shifts of Rd. We call such an f a stochastic
compatible point-map or SCPM.

Remark 5.3. Φ is not mentioned explicitly in the definition of fω; however
the assumption x ∈ Φ(ω) shows its implicit role in the definition.

In comparison with a DCPM, a SCPM depends not only on the configu-
ration of the points of Φ(ω), but also on some other stochastic effects which
exist in ω.

As in the deterministic case, if f is a SCPM, we denote by fω(Φ) the
multi-set

{fω(x);x ∈ Φ(ω)}.

It is easy to verify that whenever Φ is compatible, fω(Φ) is also a compatible
point process.

Example 5.4. Let (Φ,P) be a point process in R2 which is identically and
independently marked with positive integers. Denote by m(x) the mark of
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the point x ∈ Φ(ω). Hence, for all ω ∈ Ω and x ∈ Φ(ω), m(x) is a function
of ω. Therefore if we assume f ssω (x) is the m(x)-th point of Φ(ω) in St(x), it
is easy to verify that f ss is a SCPM and this formalizes the stochastic strip
routing point-map defined in Example 5.1.

In Example 5.4, assume m(x) can take both positive and negative val-
ues. Therefore, starting from the point x, it is possible that, by successive
application of f ss, we reach x again. Since we choose the image of each point
according to the mark of the point which is fixed for fixed ω, after returning
to x we follow exactly the same path as before.

Indeed according to the definition, for the SCPM f and the point x in
Φ(ω), if there exists n such that fnω (x) = x then, for all m ≥ 0, we have
fmω (x) = fm+n

ω (x); i.e. however the image of a point under f does depend
on some stochastic effects of ω, more than Φ(ω) itself, but these stochastic
effects do not change with time and each time we visit x we see the same
stochastic effects.

In order to allow the point-map to renew its decision when it returns to
a point, we need time dependent generalizations of the concepts which we
defined until now.

Definition 5.5. We say the measurable space (Ω,F) is timed, if it is equipped
with a bi-infinite discrete measurable flow τ . A timed probability space is a
probability space (Ω,F ,P) such that (Ω,F) is a timed measurable space and
P is τ -invariant; i.e.

P = τP. (5.3)

Finally a timed point process is a point process (Φ,P) on a measurable space
(Ω,F) such that (Ω,F ,P) is a timed probability space and Φ is τ -invariant;
i.e.

Φ(ω) = Φ(τω). (5.4)

Remark 5.6. Note that when the timed measurable space is equipped with
the flow {θt}t∈Rd , we assume for all t ∈ Rd, the flows τ and θt commute;
i.e. θtτ = τθt. This means the progress in time and induced shifts of Rd

are compatible; i.e. there is no difference if we progress in time and then
translate the the point process or first we translate it and the progress in
time.

86



τ models the progression of time. (5.3) means that the probability mea-
sure is time-stationary and as a consequence the choice of the origin of time
is not important and (5.4) guarantees that the configuration of the point
process does not change with time.

Using the notion of timed point process, the implementation of the time
aspect in successive applications of a point-map becomes natural. All SCPMs
f on the timed point process (Φ,P) can be modified to some timed SCPM
or TSCPM f̃ which maps all pairs (ω, x), for which x ∈ Φ(ω), to the pair
(τω, fω(x)). According to (5.4),

fω(x) ∈ Φ(ω) = Φ(τω),

and hence we can apply f̃ successively on the pair (ω, x).

For all pairs (ω, x), where x ∈ Φ(ω), the n-th image of x under the
TSCPM f̃ is the second coordinate of f̃n(ω, x) and we denote it by f τ,nω (x);
i.e.

f τ,nω (x) := π2(f̃n(ω, x)) = π2(f̃(f̃n−1(ω, x))) = fτn−1ω(f τ,n−1
ω (x)), (5.5)

where π2 is the projection on the second coordinate. Note that f τ,1ω = fω.
The reader should keep in mind the difference of fnω , where we apply fω iter-
atively, and f τ,nω , where we apply the sequence of functions fω, fτω, . . . fτn−1ω

consecutively.

It is easy to verify that f τ,nω (x) has the following semi-group property:

f τ,m+n
ω (x) = f τ,mτnω(f τ,nω (x)). (5.6)

Clearly if after n steps, the TSCPM f̃ returns to the point x (i.e. if f τ,nω (x) =
x), the n+ 1-th image of x under f̃ is f τ,n+1

ω (x) = f τ,1τnω(x) = fτnω(x) which,
in general, is not the same as f τ,1ω (x) = fω(x).

The n-th image of the timed point process Φ under the TSCPM f̃ is
defined as

f̃nωΦ := f̃nω (Φ(ω)) := {f τ,nω (x);x ∈ Φ(ω)}.
By seeing f̃nωΦ as a function of ω, we can interpret f̃nωΦ as a point process.
In this sense, it is easy to verify that if Φ is compatible, for all n, f̃nωΦ is also
compatible; i.e.

θt(̃f
n
ωΦ) = f̃nθtωΦ.
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But since, in general, f̃nωΦ 6= f̃nτωΦ, f̃nωΦ is not a timed point process.

Remark 5.7. If we assume τ is the identity on Ω, then clearly all point
processes (Φ,P) on the measurable space (Ω,F) are timed point processes
and if f is a SCPM, then f̃(ω, x) = (ω, fω(x)). Therefore the notion of
TSCPM is a generalization of the notion of SCPM.

Example 5.8. Assume (Φ,P) is an independently marked point process
where the marks of the points are i.i.d. bi-infinite sequences of i.i.d. integer-
valued random variables; i.e. there exists an integer-valued random variable
m such that {mi(x)}i∈Z,x∈Φ(ω) are i.i.d copies of m. For all x ∈ Φ(ω), let
π0({mi(x)}i∈Z) = m0(x). Assume τ is the simultaneous shift of all sequences
of the marks of all points; i.e. for all x ∈ Φ(ω), we have π0(τ{mi(x)}i∈Z) =
m1(x). Clearly, according to the definition of τ , τ and {θt}t∈Rd commute. If
f ss is the stochastic strip routing point-map which jumps to the m0(x)-th
point of the point process in St(x), then f̃ ss models the stochastic strip rout-
ing which renews its decisions identically and independently at all possible
returns.

Example 5.9. Assume the setup of §3.2.1 and assume τ is the time shift; i.e.
the simultaneous shift of all sequences of medium access indicators, thermal
noises and fadings. Assume f is an SCPM which maps the vertex (Xi, n) of
G to a vertex (Xj, n+ 1) where Xj ∈ R(Xi, n) and f only depends on Φ and
data at time n; i.e. f depends only on the configuration of the points and
{ek(n),Wk(n), Fk,l(n)}k,l∈N; e.g. fuR(Xi,n)(Xi) where fu is the deterministic
directional navigation point-map in direction u. Therefore f is a time-local
point-map (or in general notation is an SCPM) and f̃ is a TSCPM.

Example 5.9 shows how the analysis of TSCPMs can help us in the anal-
ysis of the time-local point-maps on G and it is what guided us from the
SINR setup to the notion of point-map Palm measures.

5.3 TSCPM-Palm Measures

Let (Φ,P) be a timed stationary point process on (Ω,F). Let f be an SCPM
and f̃ is its associated TSCPM. The n-th f̃ -Palm version of (Φ,P) is defined
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as (Φ, P̃f,nΦ ), where, for all F ∈ F ,

P̃f,nΦ (F ) :=
1

λ||B||

∫ ∑
t∈(f̃nωΦ)∩B̃

1{θtτnω ∈ F}P(dω). (5.7)

We call P̃f,nΦ the n-th f̃ -Palm probability of the point process (Φ,P). Clearly

P̃f,0Φ = PΦ, the Palm probability of the point process. We denote P̃f,1Φ by P̃fΦ.

The following lemma, is the analogue of Lemma 4.7 for f̃ -Palm probabil-
ities.

Lemma 5.10. If P̃f,nΦ is defined as (5.7), then

P̃f,nΦ (F ) =
1

λ||B||

∫ ∑
t∈Φ(ω)∩B̃

1{θfτ,nω (t)τ
nω ∈ F}P(dω). (5.8)

Proof. Fix B = [0, 1)d. If E denotes the expectation with respect to P, one
has ∫ ∑

t∈Φ(ω)∩B̃

1{θfτ,nω (t)τ
nω ∈ F}P(dω)

= E

∑
v∈Z

∑
t∈Φ(ω)∩B̃

∑
s∈(f̃nωΦ)∩(̃B+v)

1{s = f τ,nω (t), θsτ
nω ∈ F}


=

∑
v∈Z

E

 ∑
t∈Φ(ω)∩(B̃−v)

∑
s∈(f̃nωΦ)∩B̃

1{s = f τ,nω (t), θsτ
nω ∈ F}


= E

 ∑
s∈(f̃nωΦ)∩B̃

1{θsτnω ∈ F}

 = λ||B||P̃f,nΦ (F ),

where the second equality follows from the stationarity of the point process
and the fact that τ and θ commute. �

The definition of the n-th f -Palm version boils down to the Palm version
of the point process f̃nωΦ; this follows from the fact that (4.8) is still valid, i.e.

Pf̃nωΦ = P̃f,nΦ . But the Palm version of the point process (̃fnωΦ,P) is the point

process (fnΦΦ,PfnφΦ) which is different from (Φ, P̃f,nΦ ) and, as in Example 4.9,

it is not generally possible to reconstruct (Φ, P̃f,nΦ ) from (fnΦΦ,PfnΦΦ).
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Remark 5.11. By an argument similar to that of Remark 4.10, for all non-
negative integers n, (Φ, P̃f,nΦ ) contains the origin.

Remark 5.12. As in deterministic case, if (Φ,P) is a simple point process,
for all n, the n-th f̃ -Palm version of the point process is simple.

Recall that, in Section 4.4, we defined the notion of θT (ω) where T is some
random vector and in Lemma 4.13 we proved that if (Φ,P) is a compatible
point process, then

(θTΦ,P)
D
= (Φ, θTP).

For the TSCPM f̃ and the timed point process (Φ,P), the f̃ -displacement at
the origin of the point process is the random vector T (Φ, f̃) where

T (Φ, f̃)(ω) := (T (Φ, f̃))(ω) :=

{
fω(0) if 0 ∈ Φ(ω)

0 otherwise
. (5.9)

As for DCPM displacements, this definition is also independent of P. We
keep the same convention for the triviality of TSCPM displacements as for
DCPM displacements; i.e. T (Φ, f̃)(ω) is nontrivial if the first condition of
(5.9) is fulfilled, even if T (Φ, f̃ , n)(ω) is equal to zero, and otherwise we say
it is trivial.

A key property of TCSPM-Palm measures is the following analogue of
Proposition 4.14.

Proposition 5.13. If f is a SCPM, f̃ is its associated TSCPM and (Φ,P)
is a timed stationary point process, then for all n ≥ 0,

(Φ, τθT (Φ,f̃)P̃
f,n
Φ ) = (Φ, P̃f,n+1

Φ ). (5.10)

For n = 0, this reduces to

(Φ, τθT (Φ,f̃)PΦ) = (Φ, P̃fΦ).

Proof. Assume F ∈ F is given. Remark 5.11 gives that T (Φ, f̃) is P̃f,nΦ -almost
surely nontrivial and

τθT (Φ,f̃)P̃
f,n
Φ (F ) = P̃f,nΦ (H),
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where

H =
{
ω s.t. θfω(0)ω ∈ τ−1F

}
.

Therefore the definition of P̃f,nΦ gives

λ||B||θT (Φ,f,n)P̃f,nΦ (F ) =

∫ ∑
t∈Φ(ρ)∩B̃

1
{
θfτ,nρ (t)τ

nρ ∈ H
}
P(dρ).

By rewriting the last equation using the notation

s = f τ,nρ (t),

one gets

λ||B||θT (Φ,f,n)P̃f,nΦ (F ) =

∫ ∑
t∈Φ(ρ)∩B̃

1 {θsτnρ ∈ H}P(dρ)

=

∫ ∑
t∈Φ(ρ)∩B̃

1
{
θf(θsτnρ,0)θsτ

nρ ∈ τ−1F
}
P(dρ)

=

∫ ∑
t∈Φ(ρ)∩B̃

1
{
θf(θsτnρ,0)+sτ

n+1ρ ∈ F
}
P(dρ),

where the last equation follows from (1.3). But

f(θsτ
nρ, 0) + s = f(τnρ, s) = fτnρ(f

τ,n
ρ (t)) = f τ,n+1

ρ (t)

and hence

τθT (Φ,f̃)P̃
f,n
Φ (F ) =

1

λ||B||

∫ ∑
t∈Φ(ρ)∩B̃

1
{
θfτ,n+1
ρ (t)τ

n+1ρ ∈ F
}
P(dρ)

= P̃f,n+1
Φ (F ).

�

Remark 5.14. Note that, in general,

τθT (Φ,f̃) 6= θT (Φ,f̃)τ.
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Equation (5.10) implies that if the limit P̃f,∞Φ of {P̃f,nΦ }n∈N exists, we have

τθT (Φ,f̃)P̃
f,∞
Φ = P̃f,∞Φ .

As in the deterministic case, we say the timed point process (Φ,P) which
contains the origin is f̃ -invariant if

τθT (Φ,f̃)P = P.

Finding general conditions for the existence of the limit of {P̃f,nΦ }n∈N does not
look easy. However, Lemma 4.18 gives a necessary and sufficient condition
for existence (but not uniqueness) of a limit of {ΦP̃f,nΦ }n∈N. At first glance it
is not an important result. But for example, in the case where randomness of
f̃ comes from an independent marking of the point process, as in the SINR-
graph case, one can find most of the characteristics of P̃f,∞Φ by marking the

limit point process (id,ΦP̃f,∞Φ ), independently and identically as the original
point process.

Note that in the space-time SINR graph, knowing the interference at one
node, gives some information on the point process in different parts of the
plane and therefore it is not possible to apply the regeneration idea, similar
to what we used in Section 4.5, to show the existence of the limit of P̃f,nΦ in
the space-time SINR graph case.

In this Chapter we constructed a framework for the analysis of TSCPMs
on timed point processes. We did not prove any explicit result in this Chap-
ter. However Example 5.9 shows the flexibility of this framework for studying
different problems.
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Chapter 6

Future Work

In this thesis we studied two types of problems. The first problems bear on
the space-time SINR graph which is an applied problem for which we used
stochastic geometry for modeling wireless networks. The second problems
are more theoretical and are focused on the point-map Palm measures. Sev-
eral trends for continuation of this work can be considered.

First those problems which arose from the space-time SINR graph; some
of which were mentioned in Chapter 3. We summarize them here.

Open Problem 1. We saw in the Poisson+Grid case that the time constant
is almost surely positive and finite. A natural question is about the existence
of a decentralized algorithm in time, and preferably decentralized in space
also, with positive and finite time constant.

Open Problem 2. We saw in the Poisson case that the time constant is
not finite. A natural question is the speed of its convergence to infinity.

The concept of point-map Palm measure is new to the best of our knowl-
edge with several interesting questions. Here we list some of them.

Open Problem 3. In Section 4.4 we saw that there is a classical criterion
for the existence of a convergent subsequence of Palm probabilities. However,
the question of a necessary or sufficient condition for the uniqueness of the
limit is still open. In Section 4.5 we described the method which can be
used for certain classes of point-maps on a Poisson point process to show the
uniqueness of the limit.
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Open Problem 4. Let (Φ,P) be an ergodic point process and f̃ be a
TSCPM. A natural question is on the conditions for which the long-time
empirical average of f̃n(O) converges to the f̃ -Palm probability PΦ-almost
surely, where PΦ is the Palm probability of the point process as defined in
(1.8).

Open Problem 5. Let (Φ,P) be an ergodic point process and f̃ be a
TSCPM. A similar problem to Problem 4 is about the conditions for which
the shift f̃ is an ergodic shift for the point process (Φ, P̃f,∞Φ ).

There are also some problems connecting these two different subjects.

Open Problem 6. In Section 3.5 we proved the convergence of the direc-
tional navigation on the Poisson point process. One can study this navigation
(or any other convergent algorithm) in the framework of TSCPM-Palm mea-
sures. Note that if for a TSCPM f̃ , the existence of the f̃ -Palm probability
can be proved, the statements similar to Problem 4 can help us to use the
f̃ -Palm version of the point process for analyzing the long-time behavior of
the navigation algorithm.

We had a brief description of the connection between the concept of CPMs
and random walks in random environments in Section 5.1. Below, we explain,
in more detailed manner, this connection using simple examples.

Example 6.1 (Deterministic walk on a random graph). Consider the (de-
terministic) strip routing point-map f s defined in Example 4.4. f s on a
(random) point process can be considered as a deterministic walk on a ran-
dom graph.

Example 6.2 (Deterministic walk on a marked random graph). Consider
the stochastic strip routing point-map f ss defined in Example 5.1. f ss can
be considered as a deterministic walk on a marked random graph.

Example 6.3 (Markov chain on a random graph). Consider the TSCPM
f̃ ss defined in Example 5.8. Since for all x ∈ Φ, {mi(x)}i∈Z are i.i.d. random
variables, f̃ ss can be considered as a Markov chain on a random graph. The
case where {mi(x)}i∈Z are not i.i.d. can be considered as a time dependent
Markov chain on a random graph.

These examples are motivations for looking for a unification of the concept
of Markov chains on a random graphs and TSCPMs.
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